Dr. Gilberto Faredes

Section 1V: caiculus

Suppose y = flx). The derivative of y or flx) is defined as

15.1 ay_ . fEtW D) L fet A - flx)
de 0 h Ar—o Ax

where i = Azx. The derivative is also denoted by y', df/ dx or f'(x). The process of taking a derivative is called
differentiaotion. :

In the following, w,v,w are functions of x; a,b,¢,n are constants {[restricted if indicated];
e=2.71828 ...is the natural base of logarithms; Inu is the natural logarithm of u [i.e. the logarithm to the
base €] where it is assumed that « > 0 and all angles are in radians.

15.2 -i-i—(c) =0

15.3 E‘i—(cx)= c

15.4 ii—-(ea:") = ner™t
dx

15.5 —-(uiviwi'")=£:£iai‘"
15.6 —ﬂ‘f-(rm,)=c£ii
dx dx
d dv du
15.7 E’B-[uv)—uEE_-FvE
d dwe dv du
15.8 E(uvw)—uv?’;+uw-d—x—+m£
d fu w(du/dx) — wldv/dx}
15.9 ——(-)= _
dx\ v v

15.10 -i(u“) =Ryt au
dx dx

ay_dydn
15.11 T du do (Chain rule)
1502 -1
dx dx/du
153 Y _dy/de
dx dx/du
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60 DERIVATIVES

d d
15.14 —sinu= cosu—u
dx

d d
15,15 —cosu = ~sinu—
dx

d du
15.16 —tanu =sec’u—
o nu = sec uda:
d li
15.17 —cotu=--csczu——ti
dx

d o
15.18 E;secu = secutanuﬁ

d
15,19 —escu = —cscucotu—u
dx dx

d sin~1y ! du T <sinlu<s
e - T i i
dx V1—u® dr 2 2

15.21 gx—cos"u -

15.20

-1 du 1
—\ﬁ_——?a [0<cos " u<m]

d
1522 Ftantu=— [T i<
dx 2

1+u?dc 2
d -1 du )
15.23 Ecot Ty = T dn [0<cot™lu< ]
15.24 d - du *1 du +if0<seclu<n/2
. —sec Yy = —————— = —————
h uquzw dr wVui-1dx [—ifﬂ/2<sec“u<w]
15.25 d ose-1 du F1 du —ifO<esclu< /2
. —cs¢ u~—-—————-—~——h—-
[ t\/u T1de uVui-1 dx [+if—7r/2<cse*1u<0

DERWATWES :D’F EXPONENTIAL

d . Jog,edu
15.26 dxlog,,u-——-—-—- - e 0,1

W

d d 1 du
15.27 — = — ket
Inu log.u ”

d [
1528 =g =a*Ina—s
dx da

1529 Lov o oM
dx dx

d d d d o
1530 —y'=—¢"™*=¢""*—[plnu] = vu’? & wmu—
dax dx dx dx
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. ‘DERIVATIVES OF HYPERBOLIC AND INVERSE HYPERBOLIC FUNCTIONS =

15.1 %sinhu = cosh u-ir—u 15.34 %cothu = --cschzutjl—iﬂ;L
15.32 %coshu = sinh u% 15.35 %Sechu = —sechutanhu %
15.33 %tanhu = sech"’u% 15.36 Tj;cschu = —csch» coth u%
15.37 gx—sinh”‘u= —\-f;_i_:——_l_%

P e
15.39 - tanhtu=— 8 ~1<u<1]

15.40 %coth'lu= 1—1u2% [e>1 or u< —1]

154 e [+ e seen-ruco, 0<uca)
15.42 %csch“1u=lu|%'?%=uvjiu2% [—if u>0,+if u<0]

" 'HIGHER DERWATIVES .

The second, third and higher derivatives are defined as follows.

15.43 Second derivative = 4 (_d_y) -4 =flx)=y"

dx \ dx dx?
d dz d:’!
15.44  Third derivative =~ (:}EZ) = -dff =@ =y"
d d"—l d”
15.45 nth derivative = ?‘; (E.TT:Q‘_) = %!: = f™x) = ™

‘4 LEIBNIZ'S RULE FOR HIGHER DERIVATIVES OF PRODUCTS = -

dar d?u
Let [P stand for the operator s so that DPu = s = the pth derivative of u. Then
n
1

15.46 D(uv) = wD'v + ( ) (Du}(b"~'v) + (Z) (D2} D" 20) + -+ oDy

where (:). (Z) ... are the binomial coefficients [see 3.5].
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As special cases we have

5 d? d3e du dv d2u
15.47 2 ) S 2 e Ve
a3 d* du d2 d2ud d?
15.48 3(uv]=u—§+3-—u—1; —!:——E v 1:
dx dx dx dx dx* dx dx

Let y = f(x) and Ay = flx + Ax) — f(x). Then

15.49 Ay _fet A I®) e,
Ax Ax . dx
where ¢ —0 as Ax— 0. Thus
15.50 Ay = f(x) Az + € Ax
If we call Ax = dx the differential of x, then we define the differential of y to be
15.51 dy = f(x)dx

The rules for differentials are exactly analogous to those for derivatives. As examples we observe that

15.52 duzvrwzt--)=duzdv=dw=x--
15.53 diuw) = udv +vdu
15.54 .d(ﬂ) - pdu-udy
v v
15,55 diu") = nu" du
15.56 d{sinu) = cosudu
15.57 d(cosu) = —sinudu

Let z = fla, %) be a function of the two variables x and . Then we define the partial derivative of z or
Jf(zx, ¥} with respect to x, keeping ¥ constant, to be

15.58 by TEF A2 Y) — Az, y)
ZC Ax—Q Ax

This partial derivative is also denoted by s2/éx, f,, or z,.
Similarly the partial derivative of z = f(x, y) with respect to ¥, keeping x constant. is defined to be
, y + Ay) — flae,
15.59 Z _ i Ay 29 S Y)
dy  ay=o Ay
This partial derivative is also denoted by d=2/ay, f,. or z,.
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Partial derivatives of higher order can be defined as follows:

L A(F\ B

15.60 _ amrax(aw), o1112_61’(&;1)
15.61 ﬂ_=:’_(3f_) ﬂ_=i(;€f_)
' drdy dx\dy) dydr oy \ox

The results in 15.61 will be equal if the function and its partial derivatives are continuous; that is, in such
cases, the order of differentiation makes no difference.

Extenstons to functions of more than two variables are exactly analogous.

The differential of 2 = flx, y) is defined as

15.62 ' de = df = %dx+%dy

where dx = Ax and dy = Ay. Note that dz is a function of four variables, namely x, y, d, dy, and is linear
in the variables dxx and dy.

Extensions to functions of more than two variables are exactly analogmis.
Example: Letz=x?+ 5xy + 2y*. Then
z.=2x+3y and ¢, = 5x+ 6y’
and hence
de = 2z + 5y)dx + (5x + 6y dy

Suppose we want to find dz for dx =2, dy=3 and at the point P (4,1), 4e. when x=4 and y=1.
Substitution yields

dz=(8+5)2+(20+6)3=26+78=104



d
It Tda:g = f(z). then y is the function whose derivative is flx) and is called the anti-derivative of Jx)

d
or the indefinite integral of flx), denoted by j fix)dx. Similarly if y = J' Au)du, then d—y- = fln). Since
1)

the derivative of a constant is zero, all indefinite integrals differ by an arbitrary constant.

For the definition of a definite integral, see 18.1. The process of finding an integral is called
integration.

PR ;
AR S .

R

In the following, u,v,w are functions of x; a,b,p,q,n any constants, restricted if indicated;
e=2.71828... is the natural base of logarithms; Inu denotes the natural logarithm of u where it is
assumed that « > 0 [in general, to extend formulas to cases where u < 0 as well, replace Inw by In|u|]; all
angles are in radians; all constants of integration are omitted but implied.

16.1 J'adxﬂax
16.2 J‘aﬂm)dx=aj.f(a:)dm
16.3 J(ut’v:wt---)dx=f udx =+ fvd:c: J wdx*---

16.4 j wdy = uv - J vdu [Integration by parts)

For generalized integration by parts, see 16.48.

16.5 jf[ax}dx =% J’f(u]du

o [ P Boqu = [ FOO -
16.6 J F{flx)}dx = J F(w) an du = @ du where u = f(x)
n+]
16.7 j ' du = ., m#-—1 [Forn= -1, see 16.8]
n+1

16.8 =lnu ifu>0orm{(~u}ifu<0




&N
16.12
16.13
16.14
16.15
16.16
16.17
16.18
16.19
16.20
16.21
16.22
16.23
16.24
16.25
16.26
18.27
16.28

16.29

16.30

INDEFINITE INTEGRALS

J sinudu = —cosu

f cosudi = sinu

f tanudu = Insecu = ~Incosu

f cotudu =Insinu
woow

f secudu = In(secu + tanu) = Intan (-5+Z)
u

f cscedu = In(cscu ~ cotu) = In tanE

J sec®udu = tanw

f csc?udu = —cotu

f tan?udu =tany —u

f cot?udu = —cotu —u

_ ¥ sin2u .
sin udu=-2----;—=§(u—smucosu)

sin 2u

f ooszudu=-;£+ = }(u+ sin u cosu)
J secu tanudu = secu

J’ cscucotuduy = —cscu

f sinh u du = coshu

f coshu du = sinhu

f tanhwu du = Incoshu

J' cothudu = Insinh u

J sechudu =sin"*(tanhu) or 2tan ‘e"

w
I cschudu = In tanh—z- or —coth™le¥
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66 INDEFINITE INTEGRALS

16.31 J sech®u du = tanhu
16.32 [ esch®u du = —cothu
16.33 I tanh®*udu = u— tanhu

16.34 J‘ coth®udy = u— cothu

sinh2%

16.35 J' sinh®u du = —x 3= H{sinhu coshu —u)
sinh2u wu

16.36 j cosh®udu = 4 7= #sinh « coshu + u)

16.37 fsechutanhudu= —sechu

16.38 f cschu cothudu = —eschu

16.39 f du _1in¥
a a

1 - 1
16.40 f 2du s=——1In (u u)=-——coth"y- u?>a?
a a

d 1 a+u 1 U
16.41 f u =-—-1n( u)=—tanh“-; u?<a?

16.42 f A ¥
a

a‘—u
du _ . = Y.
16.43 jmrln(u+\/u2+az} or sinh p
du -
16.44 JTVTZ_dFlll(u+ Vi -a:)
16.45 J' ;\/-—1—%_?—;= %Sec‘1 E‘
du 1 a+Vur+az
166 [t m - ()
du 1 a+val—u
1647 [ iy (U2

16.48 f fgda =0 Vg —fRNg 4 fSgT — (1) f Jo™ d

This is called generalized integration by parts.
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Often in practice an integral can be simplified by using an appropriate transformation or substitution
together with Formula 16.6. The following list gives some transformations and their effects.

16.49 J F{cm:+b)da:=% f Flu)du where u=axr+b
16.50 f FVazx + b)dx = -2 f u F(u) du where u - Vaz + b
16.51 f F¥Vax +b)dr =-E J’ w7 ) du where u=Vax+b
16.52 f F(m)dx =a f Fa cosu)cosudu where z=asinu
16.53 f AVZE+ afdz = a f Fla secu) sec® udu where z=atanu

.1 6.54 J’ Ve —adde=a j Fla tan u)secu tan w du where x = asecu
14.55 f Re“)dxr=— 51%) u where u = e*
16.56 j FAinx)dx = J Flu)e* du where u= 11..'13:
16.57 [ F (sin“%) dr=a Iﬂu) cosu du where u= sin"%

Similar results apply for other inverse trigonometric functions.

) — a2
16.58 J‘F(sinx,cosx)ch:=2J‘F( 2u ,1 u) du where 1w =lan—

1+u2 1+u”/1+u? 2
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| INDEFINITE INTEGRA:_&s

Here we provide tables of special indefinite integrals. As stated in the remarks on page 64, here
a.b.p.g.n are constanis, restricted if indicated; e = 2.71828 .., is the natural base of logarithms; lnu
denotes the natural logarithm of %, where it is assumed that u > 0 [in general, to extend formulas to cases
where u <0 as well, replace Inu by In|u|l; all angles are in radians; and all constants of integration are
omitted but implied. It is assumed in all cases that division by zero is excluded.

Qur integrals are divided into types which involve the following algei)raic expressions and func-.
tions:

(1) ax+b (13) Vax®+bx+c (25) e*
(2) Vax+b (14} «®+a® (26) Inx
(38) ar+bandpr+g (15) a*=xat (27) sinhax
(4) Vaxr+b and px+gq (16) x"*a” (28) coshax
(5) Vax+band \Vpzr+q (17) sinax (29) sinhax and coshax
6) x*+a* (18) cosax (30) tanhazx
(7) x*—a? with 2* > a? (19) sinarx and cosax (31) cothax
(8) a®-2a? with 2* <a? (20) tanax (32) sechax
9 Vriia® (21) cotax (33) cschax
10y Vaflgl (22) secax _ (34) inverse hyperbolic functions
11 vaf—£ (23) escax
(12) ax’+bx+ec (24) inverse trigonometric funetions

Some integrals contain the Bernouilli numbers B,, and the Euler numbers E, defined in Chapter 23
(pages 139-140).

17.1.1 f dx =-;Eln(ax+b]

axr+hb
17.1.2 Pl =5“5——b-1n(am+b)
ax+bh a a’
*de _(ax+b) _2haz+h)
17.1.3 == - "“";aﬂ ) ("; 1n(aac+b)
17.1.4 dx =lm( z )
x{lax+b) b ar+b
17.1.5 ;‘x__=__1_+im ar+b
x%(ax + b) bx b?
17.1.6 1
(az+bE  alax+b)
wda b 1
17.1.7 (ax+b)2=a2(am+b)+a3m(ax+b)
x* dx ax+h b* 2bh
17.1.8 f(a“b]z_ T e+ )
dx 1 1 x
1.9 = —
17.1 aoaz + h) b(ax+b}+b2m(ax+b)

68



TABLES OF SPECIAL INDEFINITE INTEGRALS 69

17:1.10 j xz(aim+ bE bz(a;a+ b)_£+_21§ln (axx+b)
17.1.11 J (amdfb)" N 2(a; Jlrib)2

17.1.12 j (a.: ﬁ)“ B az(a_xl+ b 2a2(a.l:: + b

17.113 (;Zﬁ)a - as[;”+ - -2a3(£:+ 7+ Zein(a +b)
17.1.14 f(ax+b)“dx=%. If n=-1, see 17.1.1.

B (aw + b)r|+2 b(ﬂx‘l‘ b)ﬂ+1
(n+ 2)a® n+Da* '
Ifn=-1,~2 see 17.1.2 and 17.1.7. .

17.1.15 faiam+b)"d.’x: nt -1, -2

(ax+b)"**  2blax +b)"** + b?(ax + by !
(n+ 3)a? (n+ 2)a® (n+ 1)a®

Ifn=—1, -2, -3, see 17.1.3, 17.1.8, and 17.1.13.

17.1.16 J’ r*(ax + b dx =

™ Yax + b)" . nb
m+n+1l m+n+1
x™(ax + b)Y mb
(m+n+ 1l - (m+n+a f *
- Nax+ )" m+n+2
(n+1)b mn+1)b

j x™(ax + by ' dx

17.1.17 f x™ax+ b)Yt dx = "~ ax + b)Y da

f xm(am + b)1l+1 d‘r

dx 2Var+hb

rar [

xdo  2(ax—2b)
17.2.2 T =g Vas+h
x*dz__ 2(3a*x” - dabx + 8b%)
17.2.3 Vaio" ot Var+b
2 Vaz+b~Vh
17.2.4 _dx___|Vb (\/a.’.c+b+\/l_))
i avVar+ b 2 tan-! ax + b
Vb -b
x ax+b a dx
2 =~ - 2.12].
725 Ja:z\/aa:+b br  2b fx\/ax+b [See 17.2.12)
Viax + by

17.2.6 J\/Tn+bdx=2 =
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17.2.7 Jm\/_”u+bdx=2(3+f’lﬁ(m+b)

2,02 2
17.2.8 J' aVarFhas = Lo 2Oy

Vax+hb dx
17.2.9 dz=2 —_— 7.2.
J. - Vax+hbh+h j arrh [See 17.2.12]

b Vax+bh a dx
17.2.10 W0 b= — Sl = 17.2.
f = z '3 f azrp (ee i1l
17.2.31 ™ dr = 2r"™Vax+b  2mb ™1
o Vax+b Cm+la (Em+Da | Vax+b
17.2.12 dx _ ax + b _(2m—3)a dx
o *Var+b m—1bx™' (2m~2)b | ™ "Vax+b

o . =_2fm_ wz__?ﬂ_ -1
17.2.13 Jx Vax +bde (2m+3)a(aa:+b) @m+3)a f ™ ax+ bdx

17.2.14

YVax+b _ Vax+b N a dx
x™ m—Dx™! 2m-1) | a™ Vax+b

v - 3/ _
17.2.15 J ax¥h, _ ~lex b (2m 5)af\/—_aa:+bdx
z=" (m—Dbxz™'  (2m—-2)b

x'nl—l

2(“33 + b)(m+2)/2

/2 =
17.2.16 J‘(ax-i-b) dr ==

2(az + b)Y V2  b{ax + bY™+2V2
a*(m+4) a?(m + 2)

17.2.17 f alaz + Y™ dor =

2(0-’1: + b)[m¢8y2 41)(03: + b)[m+4)o’2 2b2(ﬂ$ + b)(m+2]/2
a*(m + 6) a’(m+4) a’(m+2)

17.2.18 f 2(az + by die =

m/2 m/2 (m~2)2
17.2.19 J‘“"“’*”) ay = 24x* D) +bJ(“‘””’) d
x m ) x

/2 (m+2)/2 m/2
17.2.20 J' (ax +:’) e — S0+ bY cma  (ax+ BT
X

dx
bx 2b x

17.2.21 = ___ 2 L1 dax
' xlax + by™* (m ~ 2)blax + b)(m—2V2 b Hax+ b)(’""zyz

17.3.1 dx 1 1n(’“+")

(am+b)(px+q)=bp—aq ar-+b

dx 1 b
17.3.2 o = L _9
. j(ax+b)(pw +q) bP-aq{aln(ax+b) pln(pa:+q)}



17.3.3

17.3.4

17.3.3

12.3.6

17.3.7

17.3.8

f
J
J

B

dx

TABLES OF SPECIAL INDEFINITE INTEGRALS

- 1 [ 1 + P n{px+q
(ax+bY(pr+q) bp-aglax+b bp-ag \w+b)

xdx

_ 1 { q n ac+b _ b
(ex+b)*(px+q) bp—agq |bp-ag (p:z:+q) a(aa:+bJ}

x*dx

b* 1

(ax+ bP(px+q)  (bp— agalaz + n (bp — ag)*

dx

{—ln(pac+ qQ+

-1 1
(az + by"(px + @" (v - 1)(bp—ag) {(ax + by px+ )"

ax+b
px+q

(ax + B)™

(px + q)n

axbpaq

p

b(bp — 2aq)
o®

In (ax + b)}

+alm+n—2) J

——=—In(pz+q)

(n- Dibp — ag) t-m-2)a

mbp —

-1 [ fex+by" O (az+ by
(oeror s | v

| —Lp

17.4.2

17.4.3

17.4.4

17.4.5

17.4.6

17.4.7

J

J

|

warg “D | “px+ g

dr
(ax+ b)m(px+ q)n—1}

( -1 (ax + b)™*? (ax~+ by™

e el
-1 (e + by (ax + by"~
“Y{m-m-1)p {

]

px+q =2(ap.’c+3aq-’2bp) \/m
Vax+b 3a?
1 m('\/’p(aa:+b)—\/17p—aq)
dx Vbp-agVp~ \Vplax+b)+ Vhp~
(px+qgyvax+b 2 tan-! fp{ax + b)
Vag—bpVp ag - bp
2\/ax+b+\/bp—aqln \/p(ax+b)—\/bp—aq)
~ P PVp (\/p(ax+b)+\/bp-aq
prtq 2vVax+b 2\/a,q bp tan-1 ‘plax + b)
P pVp aq - bp
TR 22OV Th | bp-aq [ Gx+or
x+q bdx = @n+3)p Ten+sp | Vaztb
dx Vaxr+b 4 2n - 3)a dx

(pa+grVar+b (n- D){ag-bp)px+qr"  2(n- Dlag— bp)

pxtgr . _2pxt+qVaxrth 2nlag-bp) [ (px+ Q" ! dx

Var+b (2n+ L} @n+1ja Vaxr+b
ar+ b _ -Vaxr+hb + a dr

@r+q (- Lp@c+qP’ 2m-lp | Gu+q ' Vaz+h

(px+q "Vax+b

71
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2
751 e _ —\/&-TBIH(Va{px+q}+\/p(ax+b))
- Viax + B)px + @ 2 L [<plax + b)
alpx+q)

V-ap
17.5.2 xdx _Mar+b)px+q) bp+agq dx
- Viazx + b)(px + q) ap 2ap Viaz + b¥pz + )
2apx + bp +aq (bp — aq)® d
5. Vi + D)pz + iz = 2T e e T D -
17.5.3 f (ax + b)(px + q)dx 2ap (ax+ b)}(px+ q) fap f N TES TP
17.5.4 prva, V@Tbipard  ag=bp dx |
o ar+b a 2q Viax + b)(px + q)
17.5.5 dx 2vVaxr+ b

px+gViex+b)pz+9 (ag-bppr+gq

17.6.2

17.6:1 J R P
Z*+a® a a

2
17.6.3 J < do =x—-atan"£

17.6.4

I

———Iniz*+a’)

xidr x? a2
2Z+a®? 2 2

dx 1 x?
17.6.5 J' e T galn (x2 3 a2)

17.6.6 jgg(agm-—;gsf S
17.6.7 f L (;;%)
17.6.8 = iz)z - T Pl
17.6-9- J’ (xzx_:tzz)z = 2(x;-: a?)

(x2 + a2)2

2
17.6.10 J'“dx

A -1—1‘,9.n'1 z
2z +a?) 2a a



17.6.1 'I.
17.6.12
17.6.13
17.6.14
17.6.15
17.6.16
17.6.17
17.6.18

17.6.19

TABLES OF SPECIAL

»dx a? N 1 Ine@? + a?)
= —In{xr - +a
(x*+a?®? 2xf+a® 2

INDEFINITE INTEGRALS

1 + 1 I x°
= - —_—In|-—
ox®+ a?*F  2a%x*+a®) 24t (m2 + a‘)

dx _ 1 _ x 3 tan
x*x® + a?)? a‘r 2a*(x®+a? 2a° a

1 ) x*
-—In
a® (x2+a2)

a1 1
¥z + a®? 2a*zr®  2a‘(x®+a?)

3 x

de x L_2m-3 dx
@ +a?" 2n-Da*@+a)"! 2un-2)a® | (@ +a)!

xdr -1
(9:2 + az)u 2(“_ 1)(x2 + a2)~n—1

1 L1 4
3}(&52 + a2)w 2(n - 1)02(332 + a2)‘n—1 G2 .’E(&UZ + a2)n—1

_ m-de B a2 m"2dx
(xﬂ + (xz + a2)u—1 (x2 + uZ))i

a2)m
de 1 dx
x’"(:.c2 + a'z)n a? xm[x2 + u2]n—l a-z xm—z(aﬂ + aan

da

73

17.7.1

17.7.2

17.7.3

17.7.4

17.7.5

17.7.6

17.7.7

17.7.8

1 x*—a*
=—1In
alax® —az) 202 x?
dx 1 1 r—a
—a— = t-5ln
x'a(f—a) a’x 2a zt+a

dx 1 1 LA x?
x%x® - a? “2ax?  2at x*—q?

dx _ -x 1 (x—

@—-a’fF 2¢°x -a®) 44’ \z+

‘)
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17.7.9
17.7.10
17.7.11
17.7.12
17.7.13
17.7.14

17.7.15

17.7.16
17.7.17
17.7.18

17.7.19
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xdx -1
(mz - a2)2 - 2(.’1,'2 — a2}

2 dx & 1 x—a
= —m
x2-a®)? 2(x*—-a® 4a (a: + a)
23 dx -a? . 1 @ - a?)
= —In —_
@-af 2@-ah) 2 "

LI
x(x?-a®® 2a%x*-a?) 2at

x2
n
x2—a®

dx 1 x 3 1 rx—a
— e 2 n =
x%(a? — a?)? alx 2a*x*-a? 4a® (.:r: + a)

dx 1 1 + 1 x?
— == - —1n
ax? — a?)® 2atx? 2a%x®:-a? b (x"’ - az)

—x

dr _ _2n-3 dx
(2—a?)" 2n-Dax:-a®d* ! (2n-2)a% | (&* - a®* !

-1

xdx .
[x2 — a:!l'n - 2(’)’-‘. - 1)(.’132 —_ a2)n—1

dx -1 1 dx
x(x2 _ a2)1u 2(1?, - 1)&2(.‘!:2 —_ a2)n—1 ﬂ.2 $($2 — az)n~1

a™dx ™ 2 dx .
(3’52 _— a2}n = (352 — a2)n‘1 ta

f dx 1 dox

" 2dx
(xz - a2)u

1 dx
xm(xz - a2}ﬂ az xm—2(x2 _ az)n az xm(xz - I;L2}n—1

17.8.1

17.8.2

17.8.3

17.8.4

17.8.5

17.8.6

dx 1 atx
Lo ln(E) o
a*-x* 2a a—x
xdx
J‘ praape =——In(a* -z
x*dx +a1 a+x
=-x+—In
a® -~ x? T (a—-x)
x*de X a21 2 gy
at-x2 2 2 n(a’ -
dx 1 { x*
- e
xa®~z? 2a® \a? —xz)

dx 1 + 1 n a+x
O S S
x}(a®—zh a’x 2a® (a—x)
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17.8.8

17.8.9

17.8.10

17.8.1

17.8.12

17.8.13

17.8.14

17.8.15

17.8.16

17.8.17

17.8.18

17.8.19

17.9.1

17.9.2

17.9.3

17.9.4
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dx 1 . 1 1 x®
. =T satoaln| T
x¥a® — 2% 20°x*  2a* ( af—x* )

dx _ x + 1 n at+x
(a-z — -T2)2 2‘12(‘12 —_ x2) 4[13 ( )

xdxr 1
(@ —x*®  2(a®-x7)

xde x _ 1. ja+x
(a* =% 2(e®*—x*) 4a ( a- a:)
x*dx a’ 1
= +—In(a®-*
J (a2—x*? 2a®>—2% 2 ( )

1 . 1 1 x2
= —Iin
oa?—x*P 2a(a®-22) 2a* (a2 - x2)
dx -1 z 3 a+zx
2 2 2 —t 4 2 ln
*(a? —x*)?® Tatr 2a (a® —x) 4a® a—x

dx -1 + 1 . 1 ) x2
= —in(|———0
xHa®-x%)° 2a*r® 2a*a’-1?) a® ( a®— x“')

da _ x 2n—3
(a2 ".'1'32)" - 2(n — 1)@2((‘2 — xz)u 1 (211, 2)0‘; (a "'.’.!32)" 1

rdx 1
((12 —_ 12)11 = 2(’!1, — 1](0‘.2 _x2)n—1

1
2(a® — £ - 2(n— Va®(a® —x?'! + ;E J- a(a® — a7

B - 2dx _ xm—2d-,l:
(a — x2)ﬂ (a — .’.!!2)" (a2 _.’1'32)"_1

= i 4 1 [_d
xm(a2 _z2)n a2 .’Em((]'.2 - x2)n—1 a2 xM*z(a2 __332):-

J.\/ﬁ-ln{x+\/xz+a5) or sinh“'::—L

& dx z*+a’
\/a:E + a:
atdx zVri+a® a® - .
Varial > —?ln(m+\/x2+a:)
xad.'z: (5132 + a2)3/2

—a*VarE+a?

Ve ta 3
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17.9.5

17.9.6

17.9.7

17.9.8

17.9.10

17.9.11

17.9.12

17.9.13

17.9.14

17.9.15

17.9.16

17.9.17

17.9.18

17.9.19

17.9.20
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dx 11 a+Vai+a®
—-—-—-—-——‘:———n T ——_-
oVt + o a ( )

x
dx __‘\/::r:'z+t.','2
*Vax® + a’ a’x
dx Vm2+a§+ 1 . a+Vzi+a®
— = — ——in{—————
¥Vt +a® 2a%z*  2a® ( x )
. . rVai+a® a® - .
f\/—z——x R Ny
2+ 233/2
17.9.9 ijx'z+a2dm&££"-;—)—
— x2+a2 3/2 2 2 + P 3
fﬁmz(m”‘ el nmvr e L ET
2+ 245/2 2 2+ 23/2
jm’*mdx=[x af abrred
VIt of — + VTt a®
f_“’__dx=\f7—zx a ,aln(i.._x_a)
x x
Vol Vet + at
f ad —dx=— = +1n(x + Va2 + a¥)
x
VaT+a? Vit a®l 1. je+Viitad
T = > — ——— n e ————tteeeeee et
x® 222 Za ( x )
dx _ x
x> +a*P?  a*Vei+d®
x dx _ -1
(x2+a2)3/2 -\/x2+a2
xdx —x
— = - =+1 + VvV tat
J’(x2+a2].;/2 Ve tad nx x"+a’)
m:‘ldx a2
—_— eVt o —
J’(.'.~:2+a2)“”2 VEE+ a2
dx _ 1 1 In a+Vri+a®
x(x®+a®*? g Vxi+a® a? ( z
dx __Vx'z-l-az_ x
x3(x? + a¥y? a‘x a*vx:+ a?

17.9.21

17.9.22

17.9.23

-1

3

dax
2 Pyl = =~ 5 =+-—1In
f 3@+ a¥)¥?  2a2*Vri+a® 2aiVai+a® 2a°

J‘ (x®+ a®P 2 dx =

J‘ x(m2 + a2}.‘i;‘2dx

xx? + a2y2 . 3a2xVxE + a2 N 3

4

(1:2 + a2)5}'2

5

8

3 (a+\/zT+_cF)

-ga"' In(x+ Va® +a?)
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17.9.24 f 2Hx? + a2 dy = zx® +a¥?  alxx® + a2 _atzvai+a?

al:i
-~ =—1n{r+ Va® +a*
6 24 16 16 (x+Vax )

17.9.25 f 2%x? + a2 dye = @ +a’)" e’z +a?)?
7 5

2 243/2 2 y8/2 3 5
17.9.26 J(‘” ] e x-+a2_a3m(a+\/‘—“’x =)
x

17.9.27

x% + a®)*? 2+ a®? BxVai+a: 3
f‘ LR k. i 3ot Inte s VETER)

:r;2 ax 2

2 29372 23/2 3
17.9.28 J(x +a] dat = — (x* +a?) m"—'ﬂ.l (a-!— \a* +t12)

x* 22

INTEGRALS lNVﬂLV!NG V

dr c——— L2 —
17.10.1 J.—-——m—ln(x+\/x az), —m_ - a
2 2 _ 3 2
17.10.2 -\/zzcimaztm m‘) = +12'1n(x+m)
3 2 _ o
17.10.3 zde @ evETa
Vai—a 3

17.10.4 J’ L2

xT—a a
17.10.5 J' oY
17.10.7 f\/;r:aidx:f___vg Ldz_%gm(ﬁm)

(x2 — a2)‘d/2

17.10.8 J'xmdF .

2 __ 22 2 T 4
17.10.9 jz2\/—_x2—a2dx=x(m 4‘” ST S s V)

2 a?P?  q2(x? — g?)2
17.10.10 J’xamdx!@ a®F” | a¥a®—a)

5 3
17.10.11 f——"”“"dﬂ = a’ - a sec! f’
x o

17.10.12 J' — M e VE—E
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17.10.13 J \/E::_?dx - —\/&;_“Tﬂuziasec-l ‘—Z—’
17.10.14 f = _dzg)a,2 =

17.10.15 f e = e

17.10.16 (xf_z e gt e+ V@)

2

3
17.10.17 f__x_d_-}_, VT e

@~ are Vet o’
17.10.18 J = f";z)m = oy - e El
17.10.19 f T e e
17.10.20 j :::"(:o:2cixae)'“"2 - 2a2x2\ix2 —a 2a4\/.i"‘ - a* —%sec" % ’
17.10.21 f (x?—a?) % dx = il _4a2)m - 3a’x Sx e %a“ In(x+ VxE—a?)
17.10.22 j wlr® — a2 o = & "5“2)5/2

17.10.23 f Pt - i d = N A oY @tV o

aG
+—1 +Vai—a?
6 24 16 16 MtV —al)

(xz —- a2)7a’2 . az(x2 — a2)5/2
7 5

17.10.24 J - a2 da =

2 _ 24372 2 2y2
17.10.25 f(x ;’) ax=E ;) AV 4 @ sec-! ﬂ
2 2y 2 _ o2 C——
17.10.26 f%—-mb(x :) +3"’”’2 L - letme VI a
2 _ 2982 2 __ 22 T
17.10.27 f(”——ff)——dp—(x a) " IVE T B et fl
x 2x 2 2 a

”%ﬁ";)- DT
17.11.1 —_*  _gnZ

as —x a
17.11.2 _EE VETE
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2 dx Vai-x a? x
17.11.3 z = - € sinZ
vai—z* 2 * 2 s a

dx (@ -2P2

17.11.4 fva2_x2- 3 a*Vai—x2

17.11.5 J-—im-——=-lln (_‘f+___ M)
at-x a x

dx VaZ-x*

17.1.6 J‘xz\/c?_-vxiw_ a®x

VaE—zf 1 } (a-é-Vaﬁ—a:‘I)
x

dx
17.11.7 =~ -——
. J‘ *vVa< - x? 2q%x? 2a?

—s s
17.11.8 j N7 SO A Lkt YT
2 2 a
17.11.9 J‘Wa =S Calt s il
L] !' - 3
2 aa2y8/2 2 R 4
17.11.10 J'-’E2\/a'z—-x'zdzc=~da o M L MR,
4 8 8 a
- 12)5/2 az(az —_ xz)wz

2
17.01.11 fxsx/“f‘—ia ~Fdar=C h ;
f———-‘ ax_z dx=\/c?_—“£f—aln(———-——-“+ ”:‘ _x )
J’\/a‘z—;v'z vai-z | _la:'
3 dr=— - - sin ;

17.11.12

171113

X
17.11.14 j LW L +i1n(9—+—-— ”“"”)
x 2x 2a x

dx x
170115 f =

xdx 1
17.11.16 J(az—xﬂ)wfvaf—?

2 dx x x
Q. z = —sin™'Z
17.11.17 f(az_x2)3,2 Jar—z s
Ldx ' . a?
17.11.18 f-(m-w—z:\/az—mf-i-—a,—:—x—_
1 1 a+Val—x°
a x

dx
17.11.19 j e
dx Vat—a2 x
RN == vaZ
17.11.20 j 2(a® — ) a’‘z M a*Vva® - x?
-1 3 3

dax
I a®-22P?  2ex*VaZi-2° 2a*Vat-ax* 2a°

17.1.21

(T
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2 e2y3/2 2 PR
17.11.22 J- (a? - x?)V2dx = x(a®—x*) + 3atrval xz‘f'ga"sin“‘—
4 8 8
17.11.23 f wta? — e = — LIV
51

2 _ LA\5/2 2 2 _ a2 4 2 6
17.11.24 | 22— wprge = - RO —2)" jodla’ ) eave tT & nl
6 24 16 16 a
(az — m2)7/2 aZ(az — 22)5/2

7 5

17.11.25 J x*a® - 22 dx =

— 23/2 2 _ L2342 —
e f(a e +a2m_aaln(—“+‘/ﬁ%)
2 232 . 2 B2 P
17.11.27 J"“ 2P L@ saVeTw 3,
2 __ 23/2 3 .2y8/2 5 — —

2 1 2ax+bhb
17121 f de _ Viae=5 ™ Vime-1b
ax’+bx+c 1 ln(2ax+b—M)
VbE - 2ax+b+Vh: =

If b* = 4ac, ax® + bx + ¢ = a{x + b/2a)* and the results 17.1.6 to 17.1.10 and 17.1.14 to 17.1.17 can be
used. If b = 0 use results on page 72. If a or ¢ = 0 use results on pages 68-69.

xdx 1 .
17.12, L S tibrroy-n [ B
12.2 et 3a In{ax® + bx + ¢) g S
dx b -
17.12.3 _—"i——ln(ax +ba:+c)+b 2ac
ax’+bx+ec a 2a aa:2+b:c+c
113 m 2 m 1
17.12.4 " dx dz__b da
ax2+ba:+c (m 1)0, a ax®+bx+e P S
dx 1
17.12.5 — e Inf:
aloa®+ba+e) 2 (m2+b‘”+c Iax 2 ba+c
dx b ax?+ bx+ 2_ o
17.12.6 ST = aaln br+ey 1  b2-2ac da
tar® +be+c) 26 x* cx ax®+bx+e

dx 1 b dx a dx
17.12.7 = - -— _afy__ &®
a™(ax® + b+ ) @=~1ex™ ¢ | g" Yax®+bx+c) ¢ | 2" Hax*+bx+c)

17.12.8 _dx _ 2ax+b 20 dx
e (ax®+br+c)? (dac—b3)ax2+bx+¢) dac—b | ax*+brte

17.12.9 xdx bx + 2¢ dx
e (ax®+br+el  (dac-b*Nax® + br+¢) dac— b2 ax®+bxr+c
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h® - 2acke + be
17:12.10 ](am2+bx+c}2 a{4m—b2)(m2+bz+c)+4ac—b2Jam%bmc
17.12.11 ™ dx - gm-1 N {(m—1e ™2 dse
e (ax? + bx + ¢ (2n-m-Dafar+br+c)"! @rn-m-1a | (ax®+bzr+c)
_ {n—mpb ™ dx
Cnrn-—m-1Da | (ax®+bx+ef

17 12 12 x2n ldx ._,}_ x2‘rr-3d‘x -_—c- x2n—3dx __E x2u-2d‘r
A4, (ax?<+bx+e) a (ax®+ bx+ )"t a (ax® +bx+cY a (ax® + bx + )"

17.12.13 de - L .S o .1 dz
ax®+bx +c)® 2elaxi+br+e) 2¢ | (axP+bx+e)? ¢ | xfax®+bx+c)

17.12:14 dr - = 1 Baf _dx 2 f @ dr

o xHax +bx+ P  croxP+bx+¢) e | (ax?+bx+ 0P alax? + bz + o)
17.12.15 dir _ 1 _(m+2n-3)a da

e im xm(m2 + bz +cf (m - 1)&5»‘—1(“2 +bx+ eyt {m—1)c xm—ztamz + bz + o)

_ (m+n—-2)b dx ’
{(m-1) ™ Yaz® + bx + ¢

In the following resuits if b* = 4ac, Vax® + bx + ¢ = Vaix + b/2a) and the results 17.1 can be used. If
b = 0 use the results 17.9. If ¢ = 0 or ¢ = § use the results 17.2 and 17.5.

1
In(2VaVveax®+ bx + ¢+ 2ax + b)

17.13. @ Ve
e Vax: tbx+ ¢ 1 n-i[ 208D or it (L2024 D
“V=a (75 ) 7’8 ( 4ac~b‘)
17.13.2 Vax'5+ba:+c___ dx
T \/ax +hx+e a 2a | Varz+br+e
xtdx 2ax — 3b - 31)2 4ac dx
17.13.3 T VAl bt ot fwu ——

2oz Fbr+ e+ bx+ 2c
" -7 . )
17.13.4 f -

zVar + bz + ¢ 1 it bx + 2¢ ——I—-Sinh“ br+ 2¢
V=e© (ileb‘I-4ac) RENRV: (ixlgé‘l-ac—b-)
dx Vari+bx+ec b dic
17.13. = - -
3.5 fx"’\/am2+bm+c cx 2cJ‘a:\_/m:‘i+ba;+c

- B2
17.13.6 mdx,,@mﬂ)wx%bxwﬁm b .
4a 8a Vart+br+e
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17.13.7

J
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ax? + bx + ¢)**
mVax'2+bm+cdm=( Sa )

b(2ax +
N R

8a®

_b4ac-b%) da
Vax®

16a*

2

+hr+e

6ax — 5b 2~
17.13.8 m2Vax§+bx+cda:=£—§—(axz+bm+c)m+-5—b——ia—c- Var®tbx+cdx
24a 16a®

17.13.9

17.13.10

17131

17.13.12

17.13.13

17.13.14

17.13.15

17.13.16

17.13.17

17.13.18

17.13.19

J
J

J
J

J

J
J

J
J

VarZrbr+c
_..__._.______._dx=
x

tx.fr:'+bac-i-c+-ll & te i
2 | Vaxrf+bx+e avax® +bx+c

Vanc"+bm+cdx__\/ax’5+bx+c+a dx B dzx
.ox? x Vari+brte 2 | sVoarP+bx+ec
dx 2(2ax + b)

(0 = bz + o (dac— b Vax: + br + ¢

xdxr 2(bx + 2¢)

(az* +bx + 0¥® (b*—4ac)Vax® +bxte

ridx (2b% — 4ac)x + 2be

(@ + bz + 0y aldac—b)Vaz: +

dx 1

+1 dx
bt+e « vVaxt+bx+c

_ ! dx b dz
#ax®+br+¥? evVaxri+tbr+e ¢ | xVaxr*+br+e 2c (ax® + bx + )*?

dx o axi+2bx+e¢ b~ 2ac dx
x*(ax? + ba + )¥? ExvVaxr® +bx+e 2¢® (ax® + b + ¢)¥2
[

2¢? | avVaxt+hbx+e

+ 2
(ax® + bxr+ )" Vidx = (20z ¥ b)(ax

+br+ V2 (2n+ 1)(4ac — b

x(ax?+ b+ e Vide =

4afn+ 1) * 8ain + 1}

(axz +bx+ c)ru+3/2 _ b

f (ax2 + b+ c)'ﬂ'*l/2dx

—_ f (m2+m+c)aa+1f2dx

a(2n + 3) 2a

dex 2(2azx + b)

@+ b+ o V2 (2n— 1)(dac - b2)ax? + b + oy 2

Bain—1)

dx

(2n - 1)(4ac—-b?) | (ax®+bx+ ey ?

dx 1

x{oue? + b + )T V? T @n - De(ax® + b + o) 2

dr b dx

]
+= 2
[ xlax” +

bx+ oy - E (ax® + b + e
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Note that for formulas involving z* — a® replace a by —a.

2 —
17.14.1 dax __}__ {(x+ a) - 1 2r—-a

-_— n tan™?!
*+a? 6a? zi-axr+a® a*Vv3 aVv'3

17.14.2 xde 1 Loexta’ 1 e
o *+a Ba {x+a)* aVv3 aVs

2
17.14.3 fﬁ—dx—=%1n(x3+a3)

x*+ a?
s | e (ﬁﬁ)
17.14.5 J bl P ‘“xi(;ixa;az v
17.14.6 = i‘"‘;S)z SGH(; o -9—2"-_; nxz(f ::faz 3(;\/5 -1 2:\;’;
17.14.7 (a:“ = aa)g = 5o ;: = 181(14 Inx“(; :za;az + 3a41 5ten™ 2:\;_;,
17.14.8 j (xfid;,)g =- 3(x31+ e
17.14.9 Mdfasf ~sToTE sin (;ﬁi‘;&)

1 = 4 zdx
7.14.1 R T 4 »
17.14.10 J. x2(x? + a¥)? a2’ 3a°@° +a®) 3a° f =+ ‘u‘g {See 17.14.2}

£ m—2 m~-3
17.14.11 f_ux_=x —a*‘jm

x*+a® m-2 x® + a®

-1 1 dx
17.14.12 I "(a:3+a3) (- e ) jx"“’[x“«l-a"”)

2 2
17.15.1 e ___ 1 In(x2+ax\/§+a)-_ 1 [tan"‘(l—f——g)-—tan-‘(1+£-—g)]
X a a

*+a* 4a3V2 —ax\V2 + a®

2
17.15.2 J 2L S

x*+a? 2a? o

zldx 1 2% = axV2 + a? 1 af,_EV2y V2
17.15.3 Jx‘+a“_4a\/2—m(m2+axv’§+a2)q2a\/§[m (1 a ) tan (1+ a )]
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3
17.15.4 J ﬂ:%]n{x4+a4)

=2 +al
17.15.5 J — ﬁzln(ﬁ) |
Tl B = e B G e )
17:15.7 J w“(xfi a 2af‘x2—§i—6m"d§5
ass [ SEo- o (;2) -

17.15.9 j Jxax 1 (E'iz;‘f)

s —a*  da® 22+ a®

2 i .
17.15.10 J'”“"'I =—1—1,n(“ “)+ltan-1-“5

zt—a* 4da x+al 2a a

-1 o
17.15.11 j E—di=:‘inn(x4—a4)

.'1;4—(],4

d 1 xt—at
17.15.12 ;(;'—_a";—él-adln( xt )

e 11 may 1o
17.15.13 jz3(I4_a4)—a4x+4a,,ln(x+a)+2a5tan z

dx 1 1 x* — a®
17.15.14 j e L Rl LY (e )
€6 v INTEGRALSINVOLVING e

17.16.1 J G 1 E
x(x" + a") i

na x4+ a’n

"+ a”

-1
17-1 6-2 J’ x—-—-—dvﬁ = Tlt In (x‘" + (1-")

17.16.3 J. x™ die _J xm " doe —a J._"fm__"d_"”_

(35" + a'ﬂ)r - (mn + an)r—l {xu + an)r

17.16.4 J__jw___?l_ __f“‘—-—_if dx

x’rrl(x'll + an)r au mm(xvr+aoa)r—l aﬂ x"""(x" +a'n}r

17.16.5 J dx 1 (m_m)

= n
9!3‘\/.’5" +a’ nvVa" ‘\/I" a4+ /an

17.16.6 J e 1, (”‘"_“")

1;(.1:" _ an] - ,nau xn
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=1
17.18.7 J‘T dmt—l—ln(x"-a”)
" - n

a"

17-16.8 im.di__ = a" xm—ndx . xnl"'ﬂ dx—
" —a" @ —a"y @ —a"y!

17.16.9

17.16.10

17.16.11

17.%6.32

17.16.13

17.16.14

e g et s e

dr 1 dz 1 dar
‘,L.m(xu — aN)r a” .’.Em_"(.’l:" - aﬂ)l‘ a” xm(xn - a:r)r—l

-1

dr 2 a
V" —a® B nVa" cos -:;‘T

p-1 2 — -
f P dx 1 2 sin (ka;)p“tan”l (x + acosf(2k 1)11'/2'm])

2" R at | mainr asin [(2k — L/ 2nt]

k=1

Ll

_ 1 E o8 2k~ pm

2ma®mF 2m

in (ac2 + 20:x cOS
k=]

2k~ )7 )

I L aR
2m

where 0 <p = 2m.

n-1

2= dop 1 k
ft = Py Zcosmln x% — 2ax 008 — + a*
™ —a®  2ma®™P &4 m m
m—1
. kpm  _ (x—acos(ku/m)
- sin—tan™!{ ————————
mazmr ; m ( a sin (ka/m) )
1
4+ —————{inc~ a)+ (- 1¥ Inx + a}}
2mam P
where 0 <p=2m.
P rde 2= i in 2T (Et a‘cos[2k7r/(2m + 1)])
Pl 4 g?mrl o (2m + e & 2m4+1 a sin [2k7/(2m + 1)}

I o

T (@m + Lamrt Bl L

(-1P lin+ a}
(Bm + a2m-Pi

2k
n | x*+ 2ax cos Tt a?
2m+ 1

where 0<pE2m+ 1.

a7 dx -2 E sin 2kpm
$2m+1 ﬂ.2m+1 (2m+ 1)a2m—p+l 2m + 1

_i [x—acos[2kn/(Zm + 1))
( asin [2ka/(2m + 1)] )

+
1 2kpm 2k=
+ ———— €Os In|x2* - 2axcos -+ a?
(2w + Da2mPrL ,Z:l 2m+ 1 ( 2m+1 )
In(r—a)
(2m + 1)a™ P+t
where 0 <p=2m+1.

an: B

17.17.1

17.17.2

COS X

f sinardx = —
aq

sindar zxcosax
2

J xsinardx =
a
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2

2
17.17.3 J xzsinaxdx=%§-sinax+ (-———%) CcOS ax

a_:‘!
2 3
17.17.4 fx’*sinamdm= (Ea-cz——%—)sinax-i— (E:-H-{-)oosax
a® «a a® a
sin ar (ax)’  (ax)’
17.17. = gp— L
5 J x e = ax 3-3!+5 5!
17.17.6 J' SN 0% =~ g j W% dr  [see 17.18.5]
x? x x
17.172.7 ‘dx =41—1n(csca.ac-cotaa:) = —l-lntem-i“E
sinax «a a
de 1 (ax)®  T(ax)’ 2(22*! — 1)B,(ax)™""}
7.17. L = — +o-et o
17.17.8 J' sinax o {“‘“ 18 " 1800 T @n+ 1)t }

17.17.9 j sin? amdy = & — S 20x
2 4a

2 -
17.17.10 xsinzaxdx=§__xsm2am_cos2am
4 da 8a?

. 3
17.17.11 j sin® axdr = _E’%ﬂﬁ‘ﬁ_ﬂ_‘f

3a
3x i in 4
17.17.2 | sin* agde < 2% 520« sindax
' 8 4q 32a
dx
17.17.13 - =~ Leotax
sin” ax a
waras [ L 008@ 1
sin® ax 2asin*ax 2a 2

1775 J sinpz sin qrdzx = S‘;g:;’;” - 8“2‘((;’ :g’” [f p = g, see 17.17.9.]

17.17.16 __"’_i__zlwn(LﬂE)
l—-sinax « 4 2
17.17.17 __Ei{__=£tan(1+i“£ + 2 sin (-8
1-sinex «a 4 2 a? 4 2
17.17.18 J_Ex_——=_lm(3ﬁj‘£‘£)
1+ sinoax a 4 2
17.17.19[ “‘f‘”__=_EMH(E_E)Jﬁ;msin(L,E)
1+ sinax @ 4 2 a 4 2

17.17.20 J_;‘i__é=iw,1(l’+ﬁ)+imn=a(z+£)
{1 ~sinax)y* Z2a 4 2 (]2 4 2

war [ (T i L (T
o (1+sinax)?®  2a (4 2) 6a (4 2)



17.17.22

17.17.23

17.17.24

17.17.25

17.17.26

17.17.27

17.17.28

17.17.29

17.17.30

as.

17.18.1

17.18.2

17.18.3

17.184

17.18.5

17.78.6
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2 n_,ptan%ax-!-q

J’ de  |avp-q Vp*-g¢*
p+gsinar 1 ptaniez+q- V@& —p°
== n 1 3 2)
aVgi-p ptaniaz+qg+Vg —p

If p= %q, see 17.17.16 and 17.17.18.

dx _ qcosax 4 P dx
@+ qgsinaxf a@p®*-gip+qgsinax) p*—q° | pt+gsinar
if p = *q, see 17.17.20 and 17.17.21.
da 1 _LVp'z+ q tan ax
= S =tan
P rg’sinax  apVp® gt P
1 _1Vp'5——q'ztanax
= =tan
dx _JapVp*-¢* P
P - g sinax 1 Vg =pitanax +p
=in S
SapVeg —p° (\/-Z"}?tanax-p)
m #-lsinax m{im—1
jm"‘sinamdx:-m osax | mx fm _m p ) J’x""zsinaa:dx
a @ «
] . ax
T gy = -y T | D2 (see 17.18.30)
o ("ﬂ _ 11,1’.1; n—-1 x"
sin”" " ax cos ax -1
f sin” ard = — —— +2 J sin"? qx dee
an
dx —E£08 G n—2 dx

sin"ar am-1sin"ltax n-1 § sin" “ax

xdx —& COS X 1 +n—2 x da
sin"axr a(n—1}sin"'ax a¥n—1)n—2)sin" 2ar n-1 | sin" Zax

INTEGRALS INVOLVING cos ax

sinax

jcosa:cda:=
@

cosar rsinax
xcosaxrdr = — +
a* a

2 2x a2y
x cosaxdx=—;cosax+ —-—— |sinax
a a o
. 3z 6 x? 6y
a:"cosa.'z:d.x=(—;——_;)cosam—%(—--—-—g)smm
4 a a a
cos ax ar)® (ax) (ax)®
d.'z:=ln9:—( ]+( )—( }+~--
€T 2-2! 4-4! 6-6!
J'eos:'rdm=—c°sm—aj SNET 4r  [See 17.17.5]
x x x
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17.18.7 f dr__1 =1mwn(3+gx_)
cosar a o FRD)
2 * 6 2342
17.18.8 J' z d =15{(ﬂ$) A oA ]
cosaxr 2 8 144 (2n + 2} 2n)

17.18.9 cos? ax dx =X 2ax
2 4a

) x* in2ax cos2
17.18.10 mcos‘aa:d.x=-—+msm + o
4 4a 8a?

. .
17.18.1 J cos® ardr = Slna.’li__sn;aax

17.18.12 Jeoyaxdx:_%ﬁ‘_'l.“‘_“ﬁﬁ_{“_‘}ﬂ

8 et 32a
PATRE RN
COsS” ax a
17.18.14 dr _ _sinax 1 en[T+%
costax Z2acosiar 2a 4 2

_ sin(a—pke  sin(a + pke _
17.18.15 J €05 ax cos prdx = 2@ —p) + @ p) [If & = £p, see 17.18.9.]

17.18.06 | —&& o Lo
1-—cosax a 2
dx 2
17.18.17 T Zoot S Simsin
I —-cosar o 2 2

l+cosaxr a 2

17.18.18 J @ _Lin®

17.18.19 j L S ...

l+cosaxr a 2 af 2
17.18.20 Jm - —-él;cot%—-al—cot =
17.18.21 Jﬁ&?’im“‘ﬂzﬁ%l;m“a%
17.18.22 f i I ta"—l gV gtanser [1f p = *gq, see 17.18.16 and

p+ geosax 1 I (taniax+ \/(q+p)/(q—p)) 17.18.18.]

aVg - p° ™ an zax - Vig+pYlg—p

17.18.23

[If p = *q see 17.18.19

g sin ax R J dx
p+geosar  4pd 17.18.20.]

_[ (p + g cos ax)® T ag? - P rgeosar) g —p?

dx 1 ptanax
17.18.24 = tan~!
f P+ gteostaxr  apVpi+qr n VPR +g*
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1 n ptanax
17.18.25 f——m-——dx e Vg
p* - q* cos®ax 1 n ptanax— V@ - p°
2apVy® - p® tanax + V' - pa)
m o7 -1 -1 .
17.18.26 j ™ cos axdx = z stnqx+mx2 cosax-z-n‘—“-?-z—*-l j ™ 2 cosaxdr
a a a
Cosax COS ax a sinqx
.18. = - - 17,2
17.18.27 e dx T ey f pr dx [See 17.17.27]
inax cos™ ! -1
17.18.28 jcos"a:x:dz= 2 > a.r+n, f cos" 2 axdr
an n
17.18.29 dx - sinax +n—2 dx
e cos"ax an—1)cos" laxr m—1 | cos"lax
17.18.30 xdx  sinax 1

_ . n-2 xdx
cosaxr aln—1Dcos" lar a’(n—1}n-2)cos" 2gx n-1 | cos" 2ax

sin?ax
2a

17.19.1 J-sinaxcosaxdx=

cos{p—-gqke cos(p+qkr
2Ap-9q 2p+q

17.19.2 f sin px cos gedr = —

ipftl

sin"** ax
17.19.3 sin” ax cos ax dx = —————  [If n = -1, see 17.21.1.] .
) (n+1a
cos " ax

[If n = ~1, see 17.20.1.]
n+ l)a

17.19.4 J cos” ax sinaxdx = —

x sin4ax
17.19. in? *ardr = — — ———
5 Jsm azxcos® ax 3 324

17.19.6 f——c—i—x——~=llntanax '

sinaxcosar a

1 1
17.19.7 4 1 itan (LE) 1
sinaxcosax a 4 2 asinax

17.19.8 Jw—L=llnwnE+ 1

sinarcosfaxr a 2  acosar
dx 2 cot 2ax
17.19.¢ J — —— = =
SIn“ aur Cos” ax a

L, .
17900 [ ST - 0o L tan (T
COS x a a 2 4
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17.19.11

17.19.12

17.19.13

17.19.14

17.19.15

17.19.16

17.19.17

17.19.18

17.19.19

17.19.20

17.19.21

17.19.22

17.19.23

17.19.24

17.19.25

17.19.26

17.19.27

J
J
J
J
J
J
J
J

J
J

J
J

J 7
J7
J
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cosax cos ax ax
dx = +-—intan——
sinax a 2
dr . 1
cos ax(l x sin ax) M 2a(l = sinax) 2a
dx 1
-+

sin ax(1 * cos ax)

dr

2a(l1 =+ cos ar)

sinaxdx

sin ax = cosax

cos ax dx
sin ax * cos ax

[
1+

‘sinaxdx
p+qeosar

cosaxdm
ptgsinar ag

sinaxdx

= lntan(E““E)
sinax*cosax av?2 278

x_ 1 i
— T —In(sin ax * cos ax)
2 2a

+ 1 In tan E-&-E
(3+3)

ax
+—=—Intan—

2

i +-l-ln(sinax+cosam)
2 2 -

12

1
= ~ —In{(p + q cos ax)
aq

1
=—In(p + gsinax)

1

(p + q cos ax)" - ag(n— 1)p + gcosaxy**

cos ax dx

-1

(p + q sin ax}" - aq(n— INp+ gsinax

n—1

L (p+(r—g}tan(ax/2)
( VrE-pi g )

dx ax+tan“(q/p))
5 Intan
p sinax + g cos ax TavVp g ( 2
2
——m————tan~
dx aVri-p —q*
psinax+gceosar+r 1

= In
aNpF + gt~ >
If ¥ = g see 17.19.23. If v* = p* + ¢° see 17.19.24.

P~ VP + @~ +(r— g)tan(ax/2)
(P+VP*+Q“"—7'2+(T— g)tan (ax/2)

dx L 1 ( + tanax)
= —= 171 —_———
psinar+g(l +cosax) ap -y 2
dx -1 #_ ax+tan™(g/p}
H P 2= 2 2ta'n e
psinar+qgeosax = VpZ+¢> aVpitg 4 2
- 1 t‘?m_l(;ot:ma.axc)
2 sin® a.’Jc+q cos®ax  apq q

1

p? sin® ax - q” cos” ax 2apq

sin”™ ax cos”" ax dx =

sin” 'axcos"lax N

In pltanaxr—q
ptanar+gq

m—1

sin

a(m +n)

m1 n=—1

ax cos

" Jsin"‘“zmms"mdx
m+n

n—1

a(m +n)

oar
+

sin™ ax cos* ? axdx
mtn

)
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.

sin™ " ax m—-1 [ sin™ *ax
a{n—-1)cos" ‘axr n-1 cos™ *ax
sin™ ax inm+! e+ . m
17.19.28 -—T-——dx = sin ar - m-n+2 st ax de
COS” dir aln— 1)005”—lax n—1 05" 2 ax
-sin™ lax mo 1 { sin"?ax
| am —n)cos™lax m-n | cos"ax
[ —cos™lax m-—1 cos’"‘%t.a:d;c
ain—1sin" tax wn-1 sin* ?ax
cos™ ax —cos™ q Mt D cos™ az
17.19.29 ———dz = | - _
sin™ ax aln - 1)sin" ez n—1 sin*~* ax
cos™ lax me 1 { cos™ 2ax
| alm ~n)sin""lax m-n sin™ ax
1 L +n-2 dx
17.19.30 a(n ~ 1)sin™ ax cos" ' ax n~-1 sin™ ax cos" Zax
o sin™azx cos™ax ~1 +m+'n-—2 dx
alm~1)sin"taxrcos" lax  m-1 | sin™Zaxcos"ox

1 1
17.20.1 j tanaxdx=—;lneosam=;lnsecax

17.20.2 jtanzaxdx=tanax—a:
2
17.20.3 j tan® qzrdx = tal;a +=Ilncosox
n+l
17.20.4 j tan™ ax sec?az dis = 2%
(n+ 1a

sect ax 1

17.20.5 mdx—;lntanaz
1 .

17.20.6 f ==Insinax

tanax a

(ax)s (m)-‘.’- 2(03)7 2211(22" —_ 1)8"({1&)2'”1
17.20.7 ja:tana;cdx e { 3 5 + on +oeeet YT + }

tanax  (ax)®  2ea) 222" — 1)B, {axP?
de = ax+ TR (2n — 1)2n)!

17.20.8

tanax 1 x*
17.20.9 jxtanzaxdx=£—;-——-+-;;]ncosax-?

XY
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dx __p= q )
17.20.10 J ST qtancx s q2+ o qz)ln(qsmaerpcosam)
n-1
‘7.20.11 J tan"axdx = M _ tan'nw?. axdx
(n-1)a

17.21.1 j cotaacdx=—‘1;1nsinax

17.21.2 J cot® axdx = _cot(;ax_z

ot2 1
17.21.3 j cot"axdx=—c Y insinar
2a a

n+1
17.21.4 J’ cot” ax cscl axdx = oot ax
n+1)a

2
17.91.5 f OSC O e = —%lncotax

cotax
17.21.6 j dr ==-llncosa.'z:
col ax a
3 5 2n e+l
17907 chomdx=_1_2[,,x_£9_m)__ﬂ _____ a_mtf__}
a 9 225 {(2n + 1!
3 2n Z2n—1
17.21.8 cotox 1 wx (exf e G
x ax 3 135 2n—1)2n)!

‘ tar 1 2
17.21.9 xcot2agndx=—£-9-9——+—51nsinax+£-
a a 2

dx px q .
17.21.10 Jp+qcotam Py a@2+q2)ln(qs1nax+qcosam)
n—1
17.21.11 J.cot"axdx=—c(—?:—_T?xa—— cot" % ax dx

17.22.1 J secmdx=lln(secax+tanam)=-1~1ntan(gm—+£)
a a 2 4

17.22.2 J’ sectaxdx = ta_x;_a_.r_

sec ax tan e

17.22.3 f sec® ar dx =
2a

1
+—In(secax + tan ax)
2a
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17-22-4 j sec”artanaxdr = M

na

secax [42

17.22.5 J' dr_ Smar

v 4 6 2+
17.22.6 fxsecaxdx*a _}“{(ax) +{ax) +5(ax) oot E.lax) + }

a*] 2 8 144 (2n+ 2)(2n)!
secax . (ax)® Slax)  6lax)® E.(ax)*"
17.22.7 j o T I T e e

x 1
17.22.8 J’xseczaxdx=atanam+a—2-lncosax

17.22.9 J‘__@__=§_Bf__&n
g+psecaxr g 9 pt+geosax

afn~ 1) n-1

n—2 ta __2
17.22.10 jsec"aa:dx=sec TAEL jsec"‘2mdx

axr

1
17.23.1 J' cscaxdx=iln(cscaz—cotax)=;lntan

17.23.2 J osct axdz = — °”;‘”’"

t 1 ax
17.23.3 csc® ax dx = _prarorex +—In tan—
2a 2a 2

17.23.4 f osc*ax cotaz de = — 2

17.23.5 d= cos ax
csCcax a

- 1 (axy’® 7{0'%)54. ) 2(22"—1_1)3"(0.,,:)2"4-1
e fmmudm— a? [W © 1800 @+ ¥ }

x ax 6 1080 (2n— 1)2n)

3 2n-1 _, 2pn-~1
17.23.7 f escar 1 ax Taaf 22" DByex)

¢ 1
17.23.8 J’accscza.xdx=—xc(;ax+;;lnsinm

17.23.9 J___tixm_zfﬂ_‘gj__gﬂr_____ [See 17.17.22]
g+pescar q q | ptgsinax

csc” Carcotar mn-—2

17.23.10 f csc'axrdr = — J cse" 2axdr

a(n~1) n—1
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17.24.1

17.24.2
17.24.3
17.24.4
17.24.5
17.24.6
17.24.7
17.24.8

17.24.9

17.24.10

17.24.11
17.24.12
17.24.13

17.24.14
17.24.15

17.24.16

17.24.17

g o X 2 _x (x®+ 2a)Vai-x*
x?sin™!—dx = —sin™T" —~+
o 3 a 9

sin“(x/tﬂdm_£+ (x/a)? N 1-3(:1:/0.)5+1'3-5(a:/a)7+__‘
x @ 203+8 2+445+5 204¢6+7+7

x? x a

J' sin™(x/a) sin"'a/a) 1 a+vVar-x®
sin” @la) . 20 WY " (-——x—)

A A Y
sin"!=|de=x|sin"'=} —2x+2Va*—x"sin" " —
a a .a

x x —
J cos~ 1= dx = xcos i——Var—x*
a a

r x* a? x aVa*-a
xcos Zda = [ = ——Jeos™t = - ———
a 2 4 a 4

xzcos’l—aidm=fioos‘1£_(x2+2a2) Va® - &
a 3 a 9

-1 ' in™?!
J’cos m(:c/a) az = Tina- J ﬂxi“:/_“)dx [See 17.24.4]

x? x a

-1 -1 T
J’cos (x{gldx____cos (:.!:/a,)i_lm(a+\/:2 xz)

xy2 x\? . — x
J' (cos“-—) dx=x(cos“—) —92g¢—2Va*—x’cos =
a a a

J tan“ﬁda: =xtan‘1§—%ln(xz+ a?)
a

x x ax

J wtan '—dx = }(z* + a®)tan'—— —

@ a 2

x xz? x ax® a®
#*tan~'=dx = —tan '—— +—In(x* +a®)

a 3 a 6 6

=1 A 3 5 7
tan (x/a)d:c:f_(x/a) L) _way
x a 3 52 7*

tan ! (x/a) 1, =z 1 x% +a?
——;—-——dx=——tan —--—-——ln( > )
x x a 2a x



17.24.18
17.24.19
17.24.20
17.24.21

17.24.22

17.24.23

17.24.24

17.24.25

17.24.26

17.24.27

17.24.28

17.24.29

17.24.30

17.24.3Y
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x a
f eot"fdx =gz cot™ =+ -2--1n(:.l':'z +a?)
a a

x x  ax
xeot ! =dx = $(x® + a¥)eot I —+ —
a a 2

x x* x ax? af
x2eot™! —der=—cot ! —t—-—MIn{x®+a?)
a 3 a 6 6

-1 -1
J’oot (m/a)dr=—glnm— J’tan x(x/a)dx

~1
cot™ (x/a) 41,
x 2a x®

.’l:2

J' cot™ (z/a) g = —

x - .
xsecl=—alnlx+Va: —ad)
sec 1L dx = @
a L -
xsec  —+ aln(as-%-v.x: - ai)
a

2

{See 17.24.16]

1 x*+aq?
i { =2

x T
O<sec '—<—
a 2

T ax
—Lgee =<
2 @

x X avat—a &
—se¢ "t — = ——————— O<seq  —<—
x 2 a 2 a 2
xsec'—dx~ ]
a '  x evVr'-a .
—s8ec —+ —<sec —< T
2 2
3 ax\T? — o
Ls "1-%————-————111(3:4-\/::_:2_:(?)
j reeei Egpe ) 2 a 8 8
x'seci—dx =
o 3 a:t\i? al of
i—-sec .'.v; +-—-ln(a: + Vet - az)
sec“[x/a)dx=f_rln a  {a/xy . 1-3{&/::)"+1-3-5{a/m)7
x 2 £ 24308 204505 24446077
Y T
_ sec [x/a)+V:t: ot o<seci e
J‘sec“(x/a)dx_ x ax a 2
xz S -1 P
= (.z/a)__ r-a E<sec"‘£<1r
x ax 2 a

x - >
xese” =+ ainfx + VaE— a?)
a

x W
O<ese !l —<—
a 2

J‘csc“-£E =
. . x
@ mcsc"lf—-aln(x-t-\/xz-—a}] -—E<csc"1—-<0
@ - 2 a
2 2 #
B E VEEE LT T
!xd_q: 2 @ 2 a 2
xese l—dx =
j a ¥ _x avai-al T Y
—esg  ——————— ——<lese =<0
2 2 2 a
N -
x
%—csc"1§+9—-m—-—-6———-—+—-—ln(m+\/x§—-af)
x
x*ese i—dx =
J a i arVrr—a® o ——
E-csc‘lf-------—--——-———1n(:;r-+-‘\/.:l:z—-aﬁ)
3 a B 6
-t . 1:3ta/x)’
Icsc (x/a)dx=_(g+(a/x) " {o/x)
X

2+3+3 2¢4+5+5

1+3+5(a/x)" .
2edeGeTeT )

x W
Q<seg l—<—
a 2

T,
—< See T—< 7T
2 a

X ™
0<csc“—<—2-

' x
——<esel—< O
2 a

95
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17.24.32

17.24.33

17.24.34

17.24.35

17.24.36

17.24.37

17.24.38
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esc M a/a x° —
- /) _ 0<esel—<o
Jcsc 1(:::/m) x ax
-1 2
ese ' (@/a -a
- ( }+ ——<esc <0
x ax
n- 1 m+1 . -1"5 1 $m+1
mgin~l—dx = sin~! — -
m+1 a m+1l | Vai—-a*
cos 1 _ -+l cos_lf_ 1 .'L'm+1 dx
m a m+1 Vvaz-x2
m _1 e+ 1 ...lx a xm+1
tan - 2 2
m+1 a m+1l x*+a
m+1 m+1
x a &
" cot” l*-t:i!ac = cot™1 — ———
m+1 a m+1l x*+a
rx™lsec™ ! (a/a) a x™ dx x 7
- — 0<sec ' —<—
m+1 m+1 | VaE-a a 2
x™sec ’--da:=
x™sec (z/a) a " da T L
3 5 —<sec —< W
L m+1 m+1 | Val-a 2 a
[ x™ese (a/a) a a™ da .
= T O<gse " —<—
x m+1 m+1 | Vzi-a
xmesct—dx =
a "™l ege t (x/a) a x™dx T o
- v 5 ——<cse ' —<0
m+1 m+1 | VeEiE-a 2

17.25.1

17.25.2
17.25.3

17.25.4

17.25.5
17.25.6

17.25.7

a a
P m‘ll'l ,n(,n _ l}xn—2 (—1)"7&.’
= —— - + ——.-

a ( a a® a”
(X 2 3
i R 7 i ..
& 1+1! 2+2! 3-3!
e —e™ a e
—dx= +
" (,n - 1)9:“_1 n—1 :ZU"—I

dx z_ 2 In(p + ge®)
S €

p+tge®™ p ap ¢

) if n = positive integer



17.25.8

17.25.9

17.25.10

17.25.11

17.25.12

17.25.13

17.25.14

17.25.15

17.25.16

TABLES OF SPECIAL INDEFINITE INTEGRA-LS

(p+qge™F »° ap(p+qe™ ap? ae
{2
dx | aVpg q
pe™+gem™ L sk —q/p)
2aV-pg (e"’+v—q/p
- _ e"(asinbx— bcosbx)
je“‘"smbxd:c— Py
€™ cos b di = e {a cos bx + b sin bx)
a®+ p*

xe™{a sinbx ~b coshx) e™{{a® — b*) sin bx — 2ab cos bx}
a’+ b (a®+ b4

f xe™ sinbxdx =

xze*(acoshx+bsinbz) e“{(a®— b*) cosbr — 2ab sin hx}
a®+ b (a? + b2)

j xe“coshaxdx =

fe“lnxda:=———e Inx_1 I £ dx
a a x
R e~sin" *bxr | n(n - 1)b* e
fe sin bxdx=m—(asmbx—nboosbx)+m e**sin" 2 bx dx
e cos™ 1 hx n(n— 1b*
e“‘cos“bxdx=-——2-——;—,_,—-[acosbx+nhsinbx)+—-(—-——)— e**cos™ % b dic
: a? +»n2b a? + n2b? ,
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17.26.1

17.26.2

17.26.3

17.26.4

17.26.5

17.26.6

17.26.7

17.26.8

f Inxde=xlnt—=x

xz
j xlnxdr = ?(Inx-'%)

m+1

1
f " Inxdr = (lnx - ) [If m = —1 see 17.26.4.]
m+1

m+1
Inz
—dr=—Inx
xr
Ing _ Ine 1
x* x x

J' In*xrder=xIn*z—2xlnxr+2x

lotedr It
J e L [Ifn=-1see 17.26.8.]
x n+1

J‘ dx = In({lnx)
xzInx
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dx 1n? 1 3
11.26-9 -"—-=ln(]nx)+lnx+_n_£+_n__x+
Inx 2e2! 33!

17.2600 [ T ingna + o+ Ding+ MEALIE 7 Y0 2,
Inzx 22! 3-3!

17.26.11 J In"zdr=xln"z—n f In"tede

3'-'”“'11 »
17.26.12 a®In"xdx = nr__r " In™ ladx
: m+1 m+1

If m = —1 see 17.26.7.

17.26.13 J In(x®+ a®)de =zInx*+a®) - 20+ 2atan“1—2

17.26.14 J In(x?~a)dx =zIn(@®-a®) - 2x+aln (;—Tﬁ)

bl £ 2

17.26.15 J ™ In(x? = a*dx =

at+a?

xm+1 In (xz - 02) 2 .'!Z”‘+2
m+1 m+1

17.27.1 J sinh ax do = 2SR EE

a

h ax inh
17.27.2 J  sinh axdz = X cos _sin ;m:
[ 2 o

22 2
17.27.3 J’ 2 sinh axdx = (f— + ;3-) cosha..'c-a—gsinhaa:
a

. 3 6
17.21.4 J L L ) 0 i
x 331 5es!
17.27.5 J L L. L L J Cosha% ix  [See 17.28.4]
X . x X
17.27.6 “ e
sinhax a 2

3 3 _1ymyon _ 2n+1
17.27.7 J' .acda: _=_12_{ax_(a.'l:] +7(ax] it 2(—17(2** - 1)B,(ax) +}
sinhaxr a 18 1800 (&n+ 1)

17.27.8 I sinh? qzdg = Soharcoshar &
2a 2

inh2 2
17.21.9 xsinh® axdx = xsinhzar cosh2ax x~
4a 8a2 4
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dx _ cothax
sinh?® ax a

17.27.10

sinh{a + pkc _ sinh {a—pke

17.27.1 j sinh ax sinh px dx =

2(a+p) 2(a—-p)
For a = =p see 17.27.8,
™ cosh
17.27.12 j «™ sinh ax do: = -35—-9-&-—1"—'”-—-—73— x™ looshaxde  [See 17.28.12]
inh™ 'ax cosh ~1
17.27.13 f st az do = 22 oshar 2 f sinh** oz da
an n
sinh axx —sinhax a cosh ax
17.27.1 = + dr See 17.28.14
7 4 j " dx (,n’ P lh:"_l n—1 J‘ xn'—l [ 7 ]
dr —~cosh ax n—2 dx
17.27.15 = -
f sinh"ax aln—1)sinh"*ar n—-1 ) sinh" 2ax
xdx —xcoshax 1 n—2 rdx
17.27.16 - = — -3 P - jy
sinhaxr a(n-1)sinh" axr a?(n—1)}{n-2)sinh"2ax n-1 sinh™? ax

17.28.1 J‘ coshaxdx =

xzsinhaxr coshax
a a®

17.28.2 I xcoshaxdr =

2xcoshax [a?
17.28.3 fmzcoshamdm=—~——+(

2
——+-—§) sinh ax
a a

az
cosh ax (ax)* (ax)* {ax)®
17.28. coshaz 1 n
8.4 f x TR e T ee
inh
17.28.5 jCOSh”dx=—mSh “""+af smx"xdx [See 17.27.4)

x? x

17.28.6 j 9 _Ziantem
coshax a

2 N 6 -1y 22
17.28.7 f zd iﬁ{(‘“” B N 2. ]

cosh ax - a 2 8 144 (2n + 2} 2n)!

2 sinhaxeoshax
17.28.8 J coshzaxdx=§+—T—-

17.289

b g dac a? ,gsinh2axr cosh2ar
 cosh ax 4 da 8q”
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17.28.10

17.28.11

17.28.12

17.28.13

17.28.14

17.28.15

17.28.16

J cosh ax cosh px dx =

J x™ coshaxde =

dix

TABLES OF SPECIAL INDEFINITE INTEGRALS

tanh axr

cosh? ax

o

sinh(a — plx
2(a —p)

sinh{a+ pke
2(a + p}

x™sinhax m
L~ —— | g 'sinhaxdr [See 17.27.12]

a a

cosh* laxsinhaxr n-—1 2
cosh™ ax dx = -+ cosh™ ?axdx
an
coshax —cosh ax a sinh ax
de = -+ ——dx [See 17.27.14]
aM (,n —_ 1){1:“ n—-1 o

J
J
J

dax

sinh ax

xdx

_ +fn—-2 dx
cosh"ar afn~—1)ecosh" lax m—1 | cosh"*ax

asinh ax 1 n—2

= + +
cosh"ar an—1lcosh"tax (n—1)(n—2)a’cosh™*ax n-—1

xdr
cosh" 2 azx

17.29.1

17.29.2

17.29.3

17.29.4

17.29.5

17.29.6

17.29.7

J sinh ax cosh ax dx =

f sinh pax cosh g dx =

J sinh? ax cosh® ax dx =

J

J

J
J

sinh®azx
2a

cosh(p+qlx+cosh(p-q)x
2(p +q) 2(p—q)

sinh4ar x

32a 8
dix 1
- =-—Intanhax
sinhaxcoshax a
dx __2coth 2qx
sinh? ax cosh?ax ' a
sinh? ax sinhex 1 _ .
= ——tan"lsinhax
cosh ax a a
cosh” ax coshar 1 ar
- = +—Intanh-—
sinh ax a @ 2
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17.30.1 I tanhaxdx=%lncoshax

tanh
17.30.2 j tanhzaxdx=x~—-na—ax
. 1 tanh?
17.30.3 f tanh?® ax dx = -c:ln cosh ax — —2-0-'3:-
a

3 3 T =1y olo2Zneagcn n+
]7.30.4 f xtanhaxdxm-l—z{(ax) _(aw} +2(ax) _( 1) .2 (2 l)Bra(a-’E)Z 1+___}
. a 3 15 105 (2n + 1)

x* tanhax 1
17.30.5 f a:tanhzaxcb:=?—x——+—21ncoshax
a a

3 5 —1 Y- 192nra2n 2n-—1
17.30.6 j tanhaxdz - - (ax) + 2ax)® (122 1)B,(ax .
. x 9 75 (2n — 1)(2n)

dx px q .
17307 J prqunhaz pP-g api-gh | Lonnertpeoshar)
—tanh" lax

17.30.8 f tanh” ax dx =
a(r—1)

+ J- tanh™ % ax dx

17.31.1 j coth ax dx = -Ll-l-ln sinh ax

17.31.2 Jmmzmdx=x*&tfllﬁx—
2
17.31.3 Jcoth”axdx= 2 1 sinh ax - 2229
a 2a
3 5 — 1y 1lo2n 2m+1
17.31.4 fmnthudx=—1;{ax+(“"”) N G A G Y 2 ), +}
a® 9 225 @n+ 1)
2
17.31.5 Ixcotnzmdx=f2——fﬂ’:‘—”+—15msmhax
o

3 —_1ymain 2n—1
17.31.6 fﬂﬂdx=_i+£_(ax) P Vi %
x ax 3 135 (2n — 1)(2n)!

der __px q .
17.31.7 f 2+ acothar —pz_qz—a(pz_qz)ln(psmhm:+qcoshax)

coth™ ™ ax
17.31.8 coth*axdx = ———+ coth” * ardx
aln—1)
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17.32.1 j sech ax dx = 2 tan~le™
a

fankh
17.32.2 f sech® ax dx = ——-;E
h ax tanh 1
17.32.3 j sech®axrdx = -sic—-%——%+-2;tan“ sinh ax

1 fl@) (@) Sanl  (-1VEfaayn
17.324 f”‘m’““"m" a2{ 2 8 144 @nioemr }

: xtanhax 1
17.32.5 j x sech?ax dx = Y Egln cosh ax

dx =1Inzx

17.32.6 J’ Ledl_?f_ _ (ax)® + 5{ax)* _ 61(ax)® . (—1VE,{ax)*" e
x 4 96 4320 2n(2n)t

sech” 2artanhar n—2
a(n-—1) n-1

17.32.7 I sech” ax dx = f sech” 2 gx dx

17.33.1 J csch oz da = llntanhg-;—
[4]

17.33.2 J’ csch? az die = _“;t:;‘ﬁ

esch th 1
17.33.3 csch®ardx = — Scharoonar - In tanh ==
20 24 2

3 5 — W O2Zn~1 _ 29241
17.33.4 jmcschaxdx= —%{ax-(—-—m} LA LB, far) +]
a 18 1800 @n+ 1)

th 1
17.33.5 f x esch? ax dx = ~M+Elnsinhax
o

x ar 6 1080 (2n - 1)(2n)t

2 —1m 25—1 _ e~ 1
17.33.6 f"s"h““dx 1 e, TeaP  (-1722™7 - 1Ba)

—csch" 2 th -2
17.33.7 csch” axdx = ot 2 csch™ 2 ax dx
a(n— 1} n~-1
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MEGRMS INVOLVING INVERSE HYPERBOL!C FUNCTIONS

PR

17.34.1 fsinh"fdx=msinh'1§— %+ a
a

. 2 b3 P + 2
17.34.2 esinh— Zdzr = (2 + 2\ ginp E-ZYT A
p 2 3 @ 4

x (x/a) + 1-3(x/a)® 1+3-5x/a)”

Q@ 233 244455 2ed4+6+7°7 el <a
N 2 2 . 4 e &
17.34:3 sinh (x/a)dm: In*(2z/a} _ (a/x) + 1+3(a/x)*  1+8-5(a/x) . > a
x 2 2:2+2  2+4:4+4 2-4:6-6+6
In?(—2x/a) (a/x)*> 1+3(a/x)* 1-3+5(a/x)®
- + - + - <-d
2 22212 2e4+4+d4 2+4+6+66

9%, xcosh™ (/@) ~ Va® — a?, cosh ™ (x/a)>0
17.34.4 f cosh de [a: cosh™!(z/a} + VxZ—a®, cosh™!(x/a)<O0

17.34.5 h1 % = (2% - a®) cosh™ (z/a) - e Vri— a¢°. cosh™ (@/a)>0
o Leos {%(2352 ~ a®)cosh™" (x/a) + VT — a%. cosh™'(x/a) <O

x 20222 2ededed 2¢4+G+G+6
+if cosh™l(z/a) >0, —ifcosh™ (z/a)<0

1 2 . 4 *3e 8
17.34.6 J’de [2111 (2x/a) + (a/xy +1 3{a/x) + 1+3+5(a/x) +:|

17.34.7 ftanh"—%dx=xtanh"£+gln(a2-x2}
a a 2
17.34.8 fa:tanh‘lE =£;"+%(x2—~al2}tanh"§
a

17.34.9

tanh"(x/a)dx=f:_+(x/a)3+(m/a)5+
x @ 32 52

17.34.10 f coth‘lfgdx= xcoth™! x+§ln(x2—a2)
a

17.34.11 j xecoth™? i—dx = —+}x? - a®coth™ E

-1 3 53
17.33.12 coth (:n:/a) (g+(a/m) (a/aﬂc} +)

x 32 52

xsech™ (x/a) — asin™ ! (x/a), sech ' (z/a)< 0

17.34.14

17.34.13 J’ soch- X [xsech“(a:/a)+asin'l(a:/a), sech ! (x/at) > 0
34, s =
J-csch‘1 dx = x esch™ 1£+asmh la l[+ifx>0.-ifac<0]
a
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T+l 1 e+ 1

x x x x
17.34.15 a™sinh~'—dx = -
f 1 a m+1Sinh a m+1 | Vefra®
mm-{—:[ x 1 xm+l
cosh™!—-— dx  cosh™(x/a)>0
m+1 a m+1 | vVai-at
17.34.16 fx’" cosh™ = d =
a xm+l -133 1 xm+1
m+100Sh -t-x,-+m+1 \/x"'—azdx cosh™! (x/a) <0

m+1 m+1
17.3817 | zmtanh " Ede =5 _tann1 -2 z
a m+1 a m+1 | a*—=x

w1 - m+1
17.34.18 J’x”‘coth‘lzdm=x coth1E_ 1 fx d

m+1 a m+1 a®—x?
g™t soch-15 42 x™ dx h (/@) >0
- S sec] /e
+ 1 a m+1 | VaZ—z*
17.34.19 | 2" seon ! Lda =
“ am? sech‘lf— 1 a” de h~ (x/a) <0
+1 a m+1 | Vo-= ¢ (x/a)

xm+1 e
17.34.20 f *™ esch™ 1 d = esch-1X+ & o do [+ ifx>0, — if £<0]
a m+1 [ 2
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Let fiz) be defined in an interval @ £ x = b. Divide the interval into n equal parts of length Ax = (b — a)/n.
Then the definite integral of f(x) between £ = a and x = b is defined as

b
18.1 J‘ Fle)dx = lim LRa) Az + fla + Ax) Az + fa + 28x) Ax + - + fla + (n ~ 1) Ax) Ax)

The limit will certainly exist if f{x) is piecewise continuous.

d
If flx} = = g(x), then by the fundamental theorem of the integral calculus the above definite integral
can be evaluated by using the result

b b d b
18.2 J’ Sy = J ag(x)dx =glx), =gb)—gla)

If the interval is infinite or if f(x) has a singularity at some point in the intervai, the definite integral
is called an improper integral and can be defined by using appropriate limiting procedures. For example,

@ b

03 [ deym [ rwas
o b

18.4 f _f(x)da:=o}_i_r_rij Sflx)dx

b b—e
18.5 f Jix)ydx = i}_’,‘.} f Ff@dr  if b is a singular point.

b

b
18.6 f Fx)dx = lim f@)de  if a is a singular point,

ate

b b b b
18.7 J{_f(x)ig(x]xh(x)i---}da:= [ f(x}d.x:J' g(ac)dactj- hixldz+---

b 5
18.8 j cf(xydx =c¢ J' Flx}dx  where c is any constant.
18.9 I flydx =0

b a
18.10 J‘ f)de=— f Flx)dx

a b

b p b
18.11 f flxyde = f fl@)dx + f fl)dx

. .

18.12 J’ fl@)dx = (b—a)f(c) where ¢ is between a and b.

This is called the mean value theorem for definite integrals and is valid if f(x) is continuous
ina=x=h.

105
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b b
18.13 j Jix}gx)dx = f(c) f glx) dx where ¢ is between a and b

This is a generalization of 18.12 and is valid if f(x) and g(x) are continuous in a=x=b and
glx)=0.

Fala) dyla)
18.14 4 R, a)dx = de+ﬂ¢2,a)§£2-—ﬂ¢l.a)%
do da do da

d1(a) $r{a)

x T R i A aran e 2 T e

In the following the interval from x = & to « = b is subdivided into n equal paris by the points a = x,,
LTy v ooy Ly—1,&, = b and we let Yo =ﬂ$0), i3 zﬂxi)! Y2 =ﬁx2)’ e Y =f(xn)v h= (b - a)/n-

Rectangular formula:
b
18.15 f Axyde =~ hyo+ Yo+ Y2+ -+ Yu_1)
Trapezoidal formuia:
i) 1 '
18.16 J Sla)dx = E(yo"' 2y + 2o+ o+ 2oy + Y

Simpson’s formula {or parabolic formula) for n even:

b h
18.17 f J}dx = g(yo Ay, + 2y + Ayy -+ 2y H MYy H W)

*  dx
18.18 =L
2+a? 2a
© 2P Ve
18.19 =—"— o0<p<1
, 1t sinpw
"“mmdx mm*l*u
18.20 = ., 0<m+1l<
'+ a” nsin[(m+ 1) w/n) " "
18 [ 4w sinmB
1+ 2xcosf+x*> sinmw sinf

|

a”—x

18.22 j =

2

18.23 f VaE =~ P dx =
Q

4

a™* P+ 1)/n]T(p+ 1)
nl{m+ 1)/n+p+1]

18.24 j | (a" — "W de =
4]
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0<m+ 1<nr

18 25 bt xmdx _ (_l)r—l wam+1—rnrrl(m + 1)/n]
: @ +a")  wmsinl(m+ D a/nlr - DIIm+ 1/n—r+ 1]

All letters are considered positive unless otherwise indicated.

"o . 0 m,nintegers and m # &
18.26 sinmxsin nx dx = .
o w/2 m.nintegersand m=n

i 0 m,nintegers and m # 1
18.27 00smoosnxdx={ )
o /2 mnintegers and m=n

T 0 i, n integers and m + » even
18.28 sinmxcosnxdr ={ — .
o 2m/(m* — n®} m.n integers and m + n odd

a2 /2 .
18.29 J- sin®xdx = J’ cos?xdx ='Z
O [+

w2 w2 1-3+5.--2m—1 7
18. in?" = 2 dy = ——————— — =12,...
8.30 f sin®™ xdx J. cos ™ a6 2m 2 m
0 Q
w2, 2 Sedef.---2m
i 2m+1 — 2m+1 = —_ —— =
18.3 jo sin rdx J; COS rdx T35 omil m=12,...
2 T(p)T
18.32 J; sin“"‘mcoszq“’xdx=-2%3—:@£j
“ sinpx w2 p>0
18.33 f —;p-dx= 0 p=0
o —m/2 p<0
w 0 p>q>0
e }
18.34 f §m”-—x"—‘°’-‘*—“dx= w2 0<p<g
0 w4 p=g>0
18.35 = sinp:c:inqx _ mp/2 0<p=gq
o x /2 pzg>0
~ sin® * xsinmzx
18.3 f LLL P 18.41 j L
x 2 x*+a 2
(o] 1]
® 1 - cospx TP sinma r _
18.37 dx = — 18.42 —_—dr=——(1l—e™™
A x? 2 , wat+a?) 2a2( )
) D
COS px — COS QX q dx 27
X e T = In— 18.4 = ;
18.38 A x dx lnp 3 J- a+bsinz Va®-b*
* cospx — cosqx g —p) 2w dx 2ar
18.39 . dx = 18.44 = e
8.39 A xz? 2 J a+bcosz Va:-b*

o /2 -1
COS Mt T e dx _cos” ' {b/a)
18.40 J ——dr=—e 18.45 j a+boosr Var-be



108

18.46

18.47

18.48

18.49

18.50

18.51

18.52

18.53

18.54

18.55

18.56

18.57

18.58

18.59

18.60

18.61

18.62

18.63

18.64

e
{a + bsinx)?

J’21r
o

dx

dx

DEFINITE INTEGRALS

2na

(a+bc

27

1-2acosx+aZ 1-a?

1-2acosx+a?

xsinxdx {

cos mxdx

’

(w/a)In(l + a),
wIn(l + 1/a),

ma™

1-2acosx+a® 1

w
sin ax®dx ==f cosar’dx =
(1]

—a?’

03.13)2 = (a2 - b2)3/2
0<a<1

lal <1
lal>1

a<1,

l‘n’
2y 2a

1 T
sin ax” dx = ——=T(1/n)sin—, n>1
na 2n

1/n

1
cos ax" dr = ———T(1/n) cos -E—,
no 2n

sinx

Vr

cOSx

Ve

dm=[
Jo

sinx T

aP

COSX m

" 2T(p)sin (pw/2)’

ar

~ 2I'(p)cos (p7/2)’

n>1

0<p=<l1l

0<p<l

b2

. 1 b?
sin ax? cos 2bxdx =~ |— | cos— — sin—
2 v 2a a a

m
cosax®cos Zhedx =— [ —
2a
sin*x 8=
3 8
sin‘x T
r dx = —
x 3
tanx T
x 2
dx _m
1+tan™x 4
x _ 1 1 1
sinzx 12 3% 52
tan"'x 1 1 1
dr=-s-—=+=
x 12 3* 52
sin~ 'z
der=—In2
x

2z b2
cos— + sin—
a a

m=0,1,2,...
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1
1-—cosx s
18.65 f_;‘o—dx-f oz _
o 1

x

o 1 dix
18.66 -L (l_'_xz—(:cos.aﬂ)—ﬂ;:Y

oo -1 _ -1
18.67 tan_pz—tan” gx

x

dr = =1
2]’1

2 |

’ DEF"IRITE lNTEGRALS lNVOLVlNG EXPONENTIALv FL NC'H‘GN

Some integrals contain Euler’s constant y = 0.3772156 ... [see 1.20. page 3].

18.68 e cosbardy = ———
o a“+ b*

b

18.69 J’ e *sinbxdr = T
o a®+ b*

18.70 J grsinbe o an-1?
A .

W —ax _ a-hr
18.71 J' e e ein®
[ x a

18.72 j e"“"zdx=l\/£’
2vVa
o
18.73 I e_wcnshxdx=l\/q—?e"”/4a
o 2va

Ha
18.74 J' glaxt b gy 1 \/:etbﬂwaacymerfc
o

b
2 2va

where erfe(p) = -\72-__— J’ - e
k13
i3

18.75 J‘:‘c e lartrhIver gy \/Eecbhmy;a
a

18.76 fa:"e‘“‘d’;,;:w
0

a1|+l

1077 [ amerwtan - IO
0

2gqm+ivz
18.78 PRI 1 Ee~2m
2ya
o
18.79 “d?“ ST S S .o
— 12 2T g g2 6

18.80 f -—*—da: r(n}(—l—+_1—+i+...)
lll 2" 37'

For even n this can be surmed in terms of Bernoulli numbers [see pages 139 to 140).
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T xdx 1 1 1 1 T~
. e - — 4+ = —
18.81 +1 1% 22 3¢ 4% 12

© gn-1 1 1 1
R 1" —— — ——
18.82 J; 1 dx =T(n) (1" o + T )

For some positive integer values of n the series can be summed {see 23.10].

18.83 J’msin'm.x' 1 m 1
(]

(1 _\dz_
18.84 J; (1+m-e )x-y_

“-"’e—.rz_ -r
18.85 j-——edx=%y

18.86

—m:__ —bar 2 +3
18.87 f il %m (Pﬂl)
Q

xsecpx a?+p?
b b a
18.88 J -da:=tan 1——tan™'—
a:cscpx p P
e (1 —cosx
18.89 j ( ]dx cot™! a—-—}n(a +1)

(-1y¥nl
(m + 1)n+1
If n=0,1,2,... replace n! by I'(n + 1).

m>—-1, n=0,1,2 ...

1
18.90 J a™(Inz)" dx =
1]

P ng P
18.91 X mdx = _E
' nx ™
18.92 ;’;d{t—- "E
0
1 ¥
18.93 j L ICRE B
R x 12

1 -—
18.94 J—-—-I“‘l ™ = -2
: R x 6

' 7
18.95 f Inxln(l -+x)d.’1:=2-—2ln2-ﬁ
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1
18.96 J ln:.l':ln(l—:.-:)cl:c=2—ﬁ
0

6
* 2 'Ing
18.97 -I—_P.:——dxr— —mesepmeotpr  0<p<l

[+]

1 m n
o m+1
18.98 dr=1n
R Inx n+1

18.99 J.e“’lnxdx=-—'y
1]

18.100 f e'*zlnzdx=——\i—1-;(‘y+2ln2)
o

18.101 f ln(ez+1)dx=-1—2
0

w2 -
18.102 I Insinzdx = Incosxdr = —-2-ln2
o]

w2 Y] T o
18.103 f (In sin ) dx =j (ncosx)*dx = —2-(111 2)® +§
[+] a

™

18.104 xlnsinxdr = ——7;-1112

&

/2

18.105 -sinxlnsinzdr =In2-1

o

° 2w 27
18.106 J’ ]n(a+bsinx)dx=f Inle+beosxder = 2rinfa + Va® - B2
[+ o

18.107 f ln(a+bcosx)dx=arln(—'-z-i~l_—b—)
L]

2

2rlna, az2b>0

18.108 In(a®- 2ab +bYdx =
8 L na"~ 2abcosz + by dx {21rlnb, bza>0  _

n/4d
18.109 f In(1 + tanx) dz = gln2
[+]

/2 1+b
18.110 secxln (___(32s_x) dx = }{(cos~1a)® — (cos ™1 b)?}
N 1+acosx

* . X sing sin2a sin3a
18.111 L ln(2sm5)dx=—( St +)

See aiso 18.102.
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la.mj sinaz o ann 2T

sinh bx 2b 2b

“ cos a
18.0113 | 2222 4= T sech—
cosh bx 2b 2b

sinhar 4a®

18.114 f _ads 7

o n an+l
1a.nsJ rdr 27 -1

1
simhax T 0T 1){ *

1
1u+1 2n+1 + 3114-1 e -}

If » is an odd positive integer, the series can be summed [see 19.19 to 19.21 and 23.8].

* sinh ax ] ar 1
18.116 ———dx = —cse———
A =+ 1 2b b 2a
* sinh ax 1 a
18117 | S—dr= - ———cot—
o € -1 2a 2k b

18.118 J' ‘Mldx={f(0)—f(°°)“ng

0

=£(x) — f(oo
This is called Frullani’s integral. It holds if f'(x) is continuous and f ‘de converges.
T
! 1

I
de 1 1 1
18.119 — =ttt
_[)x’ 11 22 3
a

18.120 J’ (a+x)™ Ha—2)" tdz = (2a)""" ! Tlm)T(m)

Tim+n)



