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Section I: Elementary Constants, Products, Formulas

Greek Greek letter Greek Greek letter
name name
Lower case Capital Lower case Capital

Alpha . o A Nu v N
Beta B B Xi £ E
Gamma ¥ r Omicron o 0
Delta ) A Pi T n
Epsilon € E Rho p ‘ P
Zeta ¢ Y4 Sigma T Z
Eta n H Tau T T
Theta 8 e . Upsilon v Y
Iota L I Phi [\ P
Kappa - K K Chi X X
Lambda A A Psi ¥ 4
Mu . 13 M Omega @ 0

1.1 7 = 3.14159 26535 89793 23846 2643...

1.2 = 2.71828 18284 59045 23536 0287... = lim (1 +l)
= natural base of logarithms "

1.3 /2 = 1.41421 35623 73095 0488 ...
1.4 V3 = 1.73205 08075 68877 2035 ...
1.5 V5 = 2.23606 79774 99789 6964 ...
1.6 /2 =1.25992 1050...
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1.7

1.8

1.9

1.10
1.1
1.12
1.13
1.14
1.15
1.16
1.17
1.18
1.19
1.20

1.2
1.22
1.23

1.24
1.25
1.26
1.27

GREEK ALPHABET AND SPECIAL CONSTANTS

V3 = 1.44224 9570, ..

V32 = 1.14869 8355 ...

/3 = 1.24573 0940 . ..

" = 23.14069 26327 79269 006.. ..

= 22.45015 77183 61045 47342 715 ...

e = 15.15426 22414 79264 190 ...

logio2 = 0.30102 99956 63981 19521 37389 ...
logho3 = 0.47712 12547 19662 43720 50279 ...
loghoe = 0.43429 44819 03251 B2765. ..

logho 7 = 0.49714 98726 94133 85435 12683...
102,10 = In 10 = 2.30258 50929 94045 68401 7991...
log. 2 = In2 = 0.69314 71805 59945 30941 7232...
log,3 = In3 = 1.09861 22886 68109 69139 5245. ..

y = 0.57721 56649 01532 86060 6512. .. = Euler's constant

. 11 1
= lim (1 tototert—~—Inn
e” = 1.78107 24179 90197 9852. .. [see 1.20}

Ve = 1.64872 12707 00128 1468...

V= T(3) = 1.77245 38509 05516 02729 8167...
where I' is the gamma function [see 25.1).

I'() = 2.67893 85347 07748...

I'c}) = 3.62560 99082 21908...

1 radian = 180%/ 7 = 57.29577 95130 8232...°

1° = 7/180 radians = 0.01745 32925 19943 29576 92... radians
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21 {x+yF =22+ 20y +y°

2.2 (@ -y)? =222y +y?

2.3 (x+y)° =2+ 322 + 3 + p°

2.4 (x—¥)® = 2* ~ 32y + Bay® ~ y°

2.5 (x+)* = a* + 42y + 6Py + Ay + ¢

2.6 (x—y)* = x* — 4ty + 6a2y® — day® + y°

2.7 (+y)l = 2" + 5ty + 1003y® + 10ay® + By + o

2.8 (x—y)® = 2* — 5oty + 10x®y® — 102°y® + 5axy? — of°

2.9 (x+y)® = 2° + 6x”y + 152 y® + 202y + 152°y* + 6xy® + y°

210 (x—-y)® =a®- 615y + 152°y? — 202°y°® + 152%y* — 6ay® +
The results 2.1 to 2,10 above are special cases of the binomial formula [see 3.3].

211 Py =@-yaty)
212 2P -yi=(x-y)E+ay+yD)
213 2P+yt= @ty —ay+yd)
214 & -y'=(@x-yx+yH+y?)
215 &y =(x-y)at+ Ly + 2y + oy’ +yh)
216 2F+y =t -2y + 2% - ayt +yY)
217 -y =@ - P+ y)a® +ay + )t —xy + y?)
2.18 ot + Py + Yt = @+ xy + Y~y + yP)
2,19 2+ 4yt = (@ + 2xy + 2y°) (2 — 2xy + 22
Some generalizations of the above are given by the following results where » is a positive integer.

220 -y = oyl E By A2 R 4 P

27 ' A
= (xr - - + 42 _ + 2
(x y)(f 2zy cos y)(:v2 2y cos—— _,,)
2nw
P 1:2-—2“’ +!'2
. ( cos2n+1 )
2.21 22 Pt = () (2 X2 Ry 4 PR g
27 47
= + +y? |22+ 2 + 2
(:c+y)(a:2 2xy0052n+1 y )( a:ycos2n+1 y)

2nw
v | a? + + g
( Myc032n+1 y)

2.22 x2ﬂ - y2m = (I _ y)(ﬂ: + y)(xn—l + xn—'2y + xtl—SyZ -+ .. .)(xﬂ—l - xn—2y + xﬂ-ay2 - .. )
=x—-yix+y) (3;2— 2mycos£+y2)(x2—2xycos-2n—w+yz)

...(f_gxycosw,.,,yz)

n

37
2-23 f“+ 20 2+2 _1+ 2 x2+ i
Y (x mycoszn Y )( 2.7cycos2n Y )

"'(12+2Iy005'(23‘1'2‘ﬂ+y2)
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Zero factorial is defined by

3.2 or=1

Alternately, n factorial can be defined recursively by

- =1 and ni=n-(n—-1}

Example: 41=1-2-3-4=24, k4
51=1-2-3-4:-5=5-4!=5(24) =120,
6! = 65! = 6(120) = 720

x 2 o

Forn=1,223,...,

n(n_]') n=—2,.2 n{n-—l)[n—Z) =3,
s * ¥F 31 x

3.3 (x+y)"= n+mn—].y+ y3+...+yn

This is called the binomial formula. It can be extended to other values of n, and also to an infinite series
[see 22.4],

Example: .

(@) (a-2b) = at+ 4a*(—2b} + 6a*(—2b)* + 4a{—2b)® + (—2b)* = a* - 8a®’b + 24a®b* — 32ab° + 16b*
Here x = ¢ and y = —2b.

(B) See Fig. 3-1(a).

Formula 3.3 can be rewritten in the form

3.4 @+y)=a"+ (:)x"“y + (2’):1:""‘“’2;2 + (;)x"-sys e +(n)y'n
n

where the coefficients, called binomial coefficients, are given by:

3.5 n =n(n—1)(n—-2]-~(n—k+1)= n! _ n
: (k) Kt Blin—k) (n—k)

9:-8-7-6 +11+10-9-8 10 1Q 10-9-
Exampte: (%) =28 T8 1ag (12} 12102008 (10 _ 1098 _ .0
4 1:2-3-4 5 1-2-3-4-5 7 3 1-2-3

Note that (n) has exactly r factors in both the numerator and the denominator.
r

b
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6 THE BINOMIAL FORMULA AND BINOMIAL COEFFICIENTS

The binomial coefficients may be arranged in a triangular array of numbers. called Pascal’s triangle,
as shown in Fig. 3-1(b). The triangle has the following two properties:

(1) The first and last number in each row is 1.

(2) Every other number in the array can be obtained by adding the two numbers appearing directly above
it. For example:

10=4+6, 15=5+10, 20=10+10
Property (2) may be stated as follows:

w6 ()00 (an)

(a+8°= 1 1
(a+b)'= a+b 1]
(a+b= & +2ab+b 121
(@+b = & +3a%h+ 3ab* + b 13 3 1
(a+b)'=  a*+4a°b + 6a*B + dab® + b* 1 4 6 41
(a+bY= &' +5¢°h + 1025 + 10a?8® + 5ab® + b° 1 5 Q0 10 5 1
(a+b)°=  a®+6a°b + 15a°0 + 20a°b° + 15a%b* + 6ab’ + b° 1 6 (05Q0 15 6 1
(a) (b)
Fig. 3-1

The following lists additional properties of the binomial coefficients:

7 ()2 )

o)

(=)
3.10 (’(’;)+ o)+ Z)+ -
an ('1‘)+ o) ’5‘)+ e
sz (Ve () (G (- ()
axa () (1)) () ()
3.14 {1)(’1“)+(2)("’2‘)+\(3)(;)+,..+(n)(:)=n2ﬂ_1
s 0ft)-mfz)of) el
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THE BINOMIAL FORMULA AND BINOMIAL COEFFICIENTS 7

UETTE

MULTINOMIAL FoRMY

LA
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Let n,. Ny, ..., N, be nonnegative integers such that n; + n; + -+ + n, = n. Then the following expression,
called a multinomial coefficient, is defined as follows:

n n!
3.16 = rr— e
Ty Mgy v aay My nying! - n,l

Example TV o0 8 =B 490
ple: (2,3,2) 21312t ' (4.2,2,0)“4:2!2!01'

The name multinomial coefficient comes from the following formula:

3.7 (ml+x2+--'+a:,,)"=2( " )a:‘fl;c;e---x:r

N1, Ny v oy Ry

where the sum, denoted by Z, is taken over all possible multinomial ceefficients.

A
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A complex number z is generally written in the form
z=a+bi

where a and b are real numbers and %, called the imaginary unit, has the property that 4 = —1. The real
numbers a and b are called the real and imaginary parts of 2 = g + bi, respectively.

The complex conjugate of z is denoted by Z; it is defined by:
a+bi=a-bi

Thus a + bi and a — bi are conjugates of each other.

’m—hm S

4.1 at+bi=c+di ifandonlyif a=candb=d

Formulas for the addition, subtraction. multlphcatlon, and lelSlOl’l of complex numbers follow

4.2 fe+biy+(e+d)=(a+c)+ib+a)
4.3 (a+bid)—ile+diy=(a-cy+(—d)i
4.4 {a+ bi)(c + di} = (ae — bd) + (ad + be)i

a+bi a+bi c—di ac+bd be—ad) .
4.5 - = - - =
e+di c+di c—di E+dE \E+ad

Note that the above operations are obtained by using the ordinary rules of algebra and replacing i by
—1 wherever it occurs.

Example: Supposez= 2+ 3iand w =5 — 2i. Then
z+w=(2+8)+{(5-20)=2+5+3i—2i=7+1
= (2+30(5 —2i) = 10 + 15 — 4i — 6i* = 16 + 11i
F=2+3i=2-3iand @w=5-2i=5+2i
w 5-2i=(5—2i)(2—3i) 4-19% 4 19,

e ()
z 2+31 (2+30(2-30) 13 13 13

x:omvuax PLANE L

Real numbers can be represented bv the pomts on a line, called the real lme a.nd similarly, complex
numbers can be represented by points in the plane, called the Argand diagram or Gaussian plane or,
simply, the complex plane. Specifically, we let the point (a.b) in the plane represent the complex number
2 = @ + bi. For exampie, the point P in Fig. 4-1(a) represents the complex number 2 = =3 + 4i. The complex
number can also be interpreted as a vector from the origin O to the point P,

8
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COMPLEX NUMBERS 9

The absolute value of a complex number 2z = a + bi, written |z|, is defined as follows:
4.6 lz| = Va®+ b = V=2
We note |2| is the distance from the origin O to the point z in the complex plane.

Y i v p{@w
: J (r,8)
: I Y
: N 8
T T T ] 01 T L * L O T >
P=(-3,4=-8+4i
Fig. 41 ~ Fig. 42

d E [ - £
af HEE AU . 2

The point Pin Fig. 4-2 with coordinates {x. ) represents the complex number z = x + iy. The point P can
also be represented by polar coordinates (r, 6). S8ince x = r cos 8 and y = rsin 6, we have

4.7 z=x+iy = r(cos 8+ isin §)

called the polar form of the complex number. We often call r = |z| = VZZ + y° the modulus and 8 the
amplitude of z=x + iy.

4.8 [ri(cos 8, + 1 sin 6,)] [ra(cos B, + € sin 6,)] = r,re[cos (6, + 8,) + i sin (6, + 8,)]

6,+ising)
4.9 TCOSO ¥ ISING) _ Yy (6, = 6,)+ i sin (6, — 6]

ro{cos @ +ising,)

B e i

For any real number p, De Moivre's theorem states that:

4.10 [*(cos 8 + i sin )} = rP(cos pd + i sin pe)

W 2

Let p = 1/n where » is any positive integer. Then 4.10 can be written

8+ 2k e+ 2k
4.1 [r(cos 8+ isin 8)]V" = yV/" (cos - T L isin w)

where k is any integer. From this formula, all the n nth roots of a complex number can be obtained by
putting =0,1,2, ..., n—1.
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Solutions:

If a, b. ¢ are real and if D = b — 4ac is the dism-imz:mnt, then the roots are
(i} real and unequal if D>0
(ii) real and equal if D = 0
(iii) complex conjugate if D<0

5.2 If x,,a. are the roots. then x, + 2, = —b/a and x,%, = ¢/a.

_ Bax—ai

_ 9ay0: — 27a, — 2af -

’

Let Q . R

9 54

§=VR+VFTR, T=VR-VF+R

where ST = —-Q.
ml = S + T"" %al
53 Solutions: X2=—HS+ T —ba, +HVB(S-D
# = —HS+T)—ja, —3VEE-T)
If a,, @y, as are real and if D = Q% + R? is the discrimninant, then

(i} one root is real and two complex conjugate if D> 0
(ii) all roots are real and at least two are equal if D=0
(iii) all roots are real and unequal if D<0.

If D < 0, computation is simplified by use of trigonometry.
;= 2V-Qcos(39)—1a,
54 Solutions if D< 0: £ =2V ~Qcos(30+120°) - ta, where cosf= R/
Ty = 2V ~Q cos (3¢ + 240°) - 1a,
5.5 Xy +Xa+ Xy = — Uy, XyTs T ToTg + Ty = g, 1Ay = — Uy
where x,, Z,, x5 are the three roots.

10
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SOLUTIONS OF ALGEBRAIC EQUATIONS ~ 11

f+u1:r’+a,gx2+a,,x+a4 0

Let 3, be a real root of the followmg cubic eguation:

5.8 ¥~ agy® + (103 — 4a5)y + (40204 — a — afa,) = 0
The four roots of the quartic equation are the four roots of the following equation:
,?}'
5.7 Z+Har=Val—daz + Ty dz+H F VYL - 2as) =0

Suppose that all roots of 5.6 are real; then computation is simplified by using the partlcular real root
that produces all real coefficients in the quadratic equation 5.7.
Ty + Xt Xyt Xy =~y
5.8 EyXp + Tally + XuXq + XaXy + X1 T3 + X274 = Qs
X Xy + Lalbaly + X1 Loy + X125, = —dy
Ly p Ty Xq = Oy

where x,,2s, &3, &4 are the four roots.



Dr. Gilberto Faredes

6 CONVERSION FACTORS

Length 1 kilometer (km) = 1000 meters (m) 1linch (in.) =2.540¢cm

1 meter (m) = 100 centimeters (cm) 1 foot (ft} = 30.48 em

1 centimeter (cm) = 10"*m 1 mile (mi} = 1.669 km

1 millimeter (mm) = 107*m 1 mil =10"%in.

1 micron (uw) =10"%m 1 centimeter = 0.3937 in.

1 miilimicron (mpu) = 10" m 1 meter = 38.37in.

1 angstrom (A) =10"""m 1 kilometer = (.6214 mile
Area 1 square meter (m®) = 10.76 ft* 1 square mile (mi®} = 640 acres

1 square foot (ft) = 929 cm? 1 acre = 43,560 ft*
Volume 1 liter (1) = 1000 em® = 1.057 quart (qt) = 61.02 in® = 0.03532 ft*

1 cubic meter (m?®) = 1000 = 35.32 ft?
1 cubic foot (ft*) = 7.481 U.S. gal = 0.02832 m* = 28.32 1
1 U.S. gallon (gal} = 231 in* = 3,785 1: 1 British gallon = 1.201 US. gallon = 277.4 in“

Mass 1 kilogram (kg) = 2.2046 pounds (Ib) = 0.06852 slug; 11b = 453.6 gm = 0.03108 slug
1 slug = 32.174 b = 14.59 kg,

Speed 1 km/hr = 0.2778 m/sec = 0.6214 mi/hr = 0.9113 fi/sec
1t mi/hr = 1.467 ft/sec = 1.609 km/hr = (0.4470 m/sec

Density 1 gm/em® = 10® kg/m®* = 62.43 Ib/ft* = 1.940 slug/ft®
LIb/ft? = 0.01602 gm/cm®; 1 slug/ft* = 0.5154 gm/cm®

Force 1 newton (nt) = 10® dynes = 0.1020 kgwt = 0.2248 Ibwt
1 pound weight (Ibwit) = 4.448 nt = 0.4536 kgwt = 32.17 poundals
1 kilogram weight (kgwt) = 2.203 Ibwt = 9.807 nt
1 U.8. short ton = 2000 lbwt; 1 long ton = 22401bwt; 1 metric ton = 22035 lbwt

"Energy 1 joule = 1 nt m = 107 ergs = 0.7376 ft Ibwt = 0.2389 cal = 9.481 X 10~* Btu
1 ftIbwt = 1.356 joules = 0.3239 cal = 1.285 X 10~* Btu
1 calorie (cal) = 4.186 joules = 3.087 ftlbwt = 3.968 X 1072 Btu
1 Btu (British thermal unit) = 778 ft Ibowt = 1055 joules = 0.293 watt hr
1 kilowatt hour (kw hr) = 3.60 X 10° joules = 860.0 keal = 3413 Btu
1 electron volt (ev) = 1.602 X 1071 joule

Power 1 watt = 1 joule/sec = 107 ergs/sec = 0.2389 cal/sec
1 horsepower (hp)} = 5350 ft lbwt/sec = 33,000 ft Ibwt/min = 745.7 watts
1 kilowatt (kw} = 1.341 hp = 737.6 ft lbwt/sec = 0.9483 Btu/sec

Pressure 1 nt/m? = 10 dvnes/cm® = 9.869 X 1076 atmosphere = 2.089 X 102 1bwt/ft*
1 lbwt/in® = 6893 nt/m* = 5.171 em mercury = 27.68 in. water

1 atmosphere (atm) = 1.013 X 10° nt/m? = 1.013 x 10°® dynes/cm?* = 14.70 lbwt/in*
= 76 cm mercury = 406.8 in. water

12





